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SPHERICAL T-DUALITY
PETER BOUWKNEGT, JARAH EVSLIN, AND VARGHESE MATHAI
Abstract. We introduce spherical T-duality, which relates pairs of the form (P,H)
consisting of a principal SU(2)-bundle P → M and a 7-cocycle H on P . Intuitively
spherical T-duality exchangesH with the second Chern class c2(P ). Unless dim(M) ≤ 4,
not all pairs admit spherical T-duals and the spherical T-duals are not always unique.
Nonetheless, we prove that all spherical T-dualities induce a degree-shifting isomorphism
on the 7-twisted cohomologies of the bundles and, when dim(M) ≤ 7, also their integral
twisted cohomologies and, when dim(M) ≤ 4, even their 7-twisted K-theories. While
spherical T-duality does not appear to relate equivalent string theories, it does provide
an identification between conserved charges in certain distinct IIB supergravity and
string compactifications.
1. Introduction
In earlier papers [1, 2, 3, 4], we showed that to each pair (P,H) of a manifold P with a
free circle action and integral 3-cocycle H on P , one can uniquely associate a T-dual pair
(P̂ , Ĥ) of a manifold P̂ with a free circle action and a cocycle Ĥ on P̂ . While the space of
orbits of the two circle actions are the same, P and P̂ are in general not homeomorphic.
Nonetheless we showed that T-duality induces a number of degree-shifting isomorphisms
between various structures such as twisted cohomology and twisted K-theory on P and P̂ .
Later [5, 6] it was shown that T-duality also induces isomorphisms on Dirac structures,
Courant algebroids, generalized complex structures and generalized Ka¨hler structures.
The free circle action on P gives it the structure of a principal U(1)-bundle P → M .
One may associate a complex line bundle to this U(1)-bundle, such that the U(1)-bundle
is just the sphere S1 ⊂ C subbundle. In this note we will answer the following question:
Just how much of this structure carries over to the case of S3 ⊂ H subbundles of quater-
nionic line bundles?
There are several ways to generalize the definition of the pair (P,H) and the answer
to the question depends upon this choice. We will restrict our attention to the simplest
choice, in which P is a principal SU(2)-bundle over M and H is a 7-cocycle on P
SU(2) −−−→ P
pi
y
M
(1.1)
When dim(M) ≤ 4 we will find that things work essentially identically to the circle
bundle case. In this case principal SU(2)-bundles over a compact oriented four dimen-
sional manifold M are classified by H4(M ;Z) ∼= Z via the 2nd Chern class c2(P ). This
can be seen using the well known isomorphism, H4(M ;Z) ∼= [M,S4] ∼= Z and noting that
there is a canonical principal SU(2)-bundle Q → S4, known as the Hopf bundle, whose
2nd Chern class is the generator of H4(S4;Z) ∼= Z. The orientation of M and SU(2)
imply that π∗ is a canonical isomorphism H
7(P ;Z) ∼= H4(M ;Z) ∼= Z. The dual bundle
1
π̂ : P̂ → M is defined by c2(P̂ ) = π∗H while the dual 7-cocycle Ĥ ∈ H
7(P̂ ) is related
to c2(P ) by the isomorphism π̂∗. We will see that this spherical T-duality map induces
degree-shifting isomorphisms between the real and integral twisted cohomologies of P
and P̂ and also between the 7-twisted K-theories.
Beyond dimension 4 the situation becomes more complicated as not all integral 4-
cocycles of M are realized as c2 of a principal SU(2)-bundle π : P → M and multiple
bundles can have the same c2(P ). Proposition 3.6 in Granja’s thesis [7] states a sufficient
condition for a cohomology class in H4(M ;Z) to be the 2nd Chern class of a principal
SU(2)-bundle over any manifold M of dimension ≤ d. He shows that there exists a
positive integer N(d) (depending only on the dimension of M) such that any class in
N(d) × H4(M ;Z) is the 2nd Chern class of a principal SU(2)-bundle over M . However
this principal SU(2)-bundle is not in general unique when d > 4. Note that N(4) = 1.
We will simply assert that the T-dual π̂ : P̂ → M be any principal SU(2)-bundle with
c2(P̂ ) = π∗H , and with Ĥ defined such that π̂∗Ĥ = c2(P ) with p̂
∗H = p∗Ĥ on the
correspondence space P ×M P̂ , which is defined by the commutative diagram,
P
pi
❄
❄❄
❄❄
❄❄
❄❄
❄❄
P ×M P̂
p=pi⊗1
❄
❄❄
❄❄
❄❄
❄❄
❄❄
p̂=1⊗pi
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧
M
P̂
pi
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧
(1.2)
When dim(M) ≤ 6 this condition specifies Ĥ uniquely.
Thus far it may seem as though the generalization of T-duality to SU(2) bundles fails to
be unique and so has no applications. The reason that spherical T-duality is interesting
is that, as is proved in Section 5, whenever a pair (P,H) does admit a T-dual, in the
sense that there is an SU(2)-bundle P̂ → M with c2(P̂ ) = π∗H , then every such T-dual
induces an isomorphism of the dH = d − H∧ twisted cohomology of P with the dĤ
twisted cohomology of P̂ with a shifted degree. Furthermore, as is shown in Section 6,
when dim(M) ≤ 7 it also induces an isomorphism in integral twisted cohomology and
when dim(M) ≤ 4 this isomorphism even lifts to integral twisted K-theory.
In Section 3, we construct a pair of classifying spaces (R, S), where R consists of
(equivalence classes of) pairs (P,H) over M consisting of a principal SU(2)-bundle P →
M together with a class H ∈ H7(P ;Z), and S consists of (equivalence classes of) spherical
T-dual pairs of such pairs. The problem with spherical T-duality in higher dimensions
is encapsulated by the observation that R 6= S, as a result of the fact that SU(2) is
not a model for K(Z, 3). More precisely, there is a map g : S → R and a pair (P,H)
corresponds to a map f : M → R. T-duals of (P,H) correspond to lifts f˜ : M → S
such that gf˜ = f . Using rational homotopy theory, we observe that the rationalizations
RQ = SQ are equal and so spherical T-duality works nicely over the rationals.
Sections 7 and 8 relate our results to String Theory. In Section 7, we argue that the
7-twisted cohomologies featured in our main theorems classify certain conserved charges
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in type IIB supergravity. We conclude that spherical T-duality provides a one to one
map between conserved charges in certain topologically distinct compactifications and
also a novel electromagnetic duality on the fluxes. In Section 8, we suggest that spherical
T-duality preserves the spectra of certain spherical 3-branes that wrap S3 cycles in some
spacetime X , i.e. by replacing closed strings, described by Maps(S1, X), by spherical
3-branes (or ‘closed quaternionic strings’) described by Maps(S3, X) = Maps(S(H), X),
where S(H) denotes the unit sphere in the quaternions H.
Section 9 contains speculations and open questions, such as whether the missing spher-
ical T-duals in higher dimensions can be obtained via noncommutative geometry; the
higher rank case of principal SU(2)r-bundles P with flux H ∈ H7(P ;Z), and the quest
for higher twisted Courant algebroids.
While this work was at an early stage we learned [8] of independent work on spherical
T-duality which will appear in Ref. [9].
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2. Construction of the spherical T-Dual: Gysin Sequence Approach
2.1. The Gysin complex. In this section we will motivate the existence of a “spherical
T-dual” (in a limited sense, to be explained later) for principal SU(2)-bundles π : P →
M . Throughout we will take M to be a compact, oriented, manifold and we identify
SU(2) = S3. First we recall
Theorem 2.1. Let π : P →M be a principal SU(2)-bundle. We have the following exact
sequence, known as the Gysin sequence of Cˇech cohomology groups over the integers
· · · // Hk(M)
pi∗ // Hk(P )
pi∗ // Hk−3(M)
c2∪ // Hk+1(M) // · · · (2.1)
where π∗ denotes the pull-back map, π∗ the push-forward map and c2∪ the cup product with
the 2nd Chern class of c2(P ) ∈ H
4(M,Z) of P . Here we have identified the Euler class
of the S3-bundle with the 2nd Chern class of the associated vector bundle E = P ×S3 R
4
(or, equivalently, of the associated quaternionic line bundle L = P ×S3 H, where S
3 acts
on H through multiplication of unit quaternions). We have a similar Gysin sequence in
de Rham cohomology, which will also be used in later sections.
The Gysin sequence suggests that we should look at pairs (P,H), where π : P → M
is a principal SU(2)-bundle, and H ∈ H7(P,Z). We can then take π∗H ∈ H
4(M,Z), and
the question arises whether π∗H is the 2nd Chern class of some (isomorphism class of)
‘spherical T-dual’ principal SU(2)-bundle P̂ . While in the case of principal U(1)-bundles,
we have an isomorphism [M,BU(1)] ∼= H2(M,Z), unfortunately, isomorphism classes of
principal SU(2)-bundles over M are not completely classified by H4(M,Z). We do have
a map [M,BSU(2)] → H4(M,Z) but in general this map can both fail to be injective
and surjective. We will come back to this point in more detail, with examples, in later
sections. For the moment, assume that there exists a dual principal SU(2)-bundle P̂
such that c2(P̂ ) = π∗H (from the remark above, this bundle need not be unique). The
Gysin sequence for π̂ : P̂ → M , then implies that there exists a Ĥ ∈ H7(P̂ ,Z) such that
π̂∗Ĥ = c2(P ), and that Ĥ is determined by this condition up to an element π̂
∗h, with
h ∈ H7(M,Z). As in the circle bundle case we aim to fix the non-uniqueness in Ĥ by
imposing the condition p̂∗H − p∗Ĥ = 0 ∈ H7(P ×M P̂ ,Z) on the correspondence space
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P ×M P̂ (see Figure below)
P ×M P̂
p̂=1⊗pi
{{①①
①①
①①
①①
①① p=pi⊗1
##❋
❋❋
❋❋
❋❋
❋❋
❋
P
pi
##❍
❍❍
❍❍
❍❍
❍❍
❍ P̂
p̂i{{✈✈
✈✈
✈✈
✈✈
✈✈
M
(2.2)
We have
Theorem 2.2. Let P be a principal SU(2)-bundle with 2nd Chern class c2 ≡ c2(P ) ∈
H4(M), and let H ∈ H7(P ) be an H-flux on P . Suppose there exists a principal SU(2)-
bundle P̂ such that ĉ2 ≡ c2(P̂ ) = π∗H. Then
(i) (Existence) there exists an Ĥ ∈ H7(P̂ ) such that
π̂∗Ĥ = c2 , and p̂
∗H − p∗Ĥ = 0 , (2.3)
(ii) (Uniqueness) Ĥ is uniquely determined by (2.3) up to the addition of a term
π̂∗(a ∪ c2), with a ∈ H
3(M).
Proof. The correspondence (2.2) leads to the following commutative square on cohomol-
ogy
H7(P ×M P̂ )
H7(P )
p̂∗
88rrrrrrrrrrr
H7(P̂ )
p∗
ff▼▼▼▼▼▼▼▼▼▼
H7(M)
pi∗
ff▼▼▼▼▼▼▼▼▼▼ pi∗
88qqqqqqqqqq
We can complete this to the double complex below.
0
∪ĉ2 //
∪c2

H3(M)
pi∗ //
∪c2

H3(P̂ )
pi∗ //
∪pi∗c2

H0(M)
∪ĉ2 //
∪c2

H4(M) //
∪c2

· · ·
H3(M)
∪ĉ2 //
pi∗

H7(M)
pi∗ //
pi∗

H7(P̂ )
pi∗ //
p∗

H4(M)
∪ĉ2 //
pi∗

H8(M) //
pi∗

· · ·
H3(P )
∪pi∗ĉ2 //
pi∗

H7(P )
p̂∗
//
pi∗

H7(P ×M P̂ )
p̂∗ //
p∗

H4(P )
∪pi∗ĉ2 //
pi∗

H8(P ) //
pi∗

· · ·
H0(M)
∪ĉ2 //

H4(M)
pi∗ //

H4(P̂ )
pi∗ //

H1(M)
∪ĉ2 //

H5(M) //

· · ·
...
...
...
...
...
Without loss of generality we can assume that M is connected, i.e. H0(M) ∼= Z.
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(i) Let ĉ2 = π∗H . Then, since p∗p̂
∗H = π̂∗π∗H = π̂
∗ĉ2 = 0 we must have p̂
∗H = p∗Ĥ
for some Ĥ ∈ H7(P̂ ). Now, since π∗π̂∗Ĥ = p̂∗p
∗Ĥ = p̂∗p̂
∗H = 0 we have π̂∗Ĥ =
n c2 for some n ∈ H
0(M). But we can run this argument the other way around,
starting with a Ĥ satisfying π̂∗Ĥ = c2, and find an H satisfying p̂
∗H = p∗Ĥ. For
this H we find π∗H = m ĉ2 for some m ∈ H
0(M). These two are only consistent
for m = n = 1.
(ii) Suppose Ĥ and Ĥ ′ both satisfy the requirements. Let h = Ĥ ′ − Ĥ. We know
p∗h = 0 ∈ H7(E ×M Ê), so h = b∪ π̂
∗c2, for some b ∈ H
3(P̂ ). Consider n = π̂∗b ∈
H0(M). Now (π̂∗a) ∪ c2 = n c2 = π̂∗h = 0, so either c2 = 0, or n = 0. In the first
case h = 0 and Ĥ is unique, or if n = 0, then b = π̂∗a with a ∈ H3(M). In that
case h = π̂∗(a ∪ c2). Clearly, any h = π̂
∗(a ∪ c2), a ∈ H
3(M), can be added to Ĥ
since π∗(h) = 0.

We claim that some of the distinct values of Ĥ described in Theorem 2.2 (ii) are related
by automorphisms of P̂ , where a ∈ H3(M) corresponds to the class of an automorphism
of P̂ given by g : M → SU(2). Any automorphism U : Ê → Ê is given by some
g : M → SU(2) through the composition
U : P̂
(pi,1)
// M × P̂
g×1
// SU(2)× P̂
m // P̂ .
We also have a pull-back diagram
SU(2)× P̂
m //
pr2

P̂
pi

P̂
pi // M ,
and by using the Ku¨nneth theorem,
H7(SU(2)× P̂ ) ∼= pr∗2H
7(P̂ )⊕ (Ω× pr∗2H
4(P̂ )) ,
where Ω is the canonical generator of H3(SU(2)). This implies
m∗(Ĥ) = pr∗2Ĥ ⊕ (Ω× pr
∗
2π̂∗Ĥ) = pr
∗
2Ĥ ⊕ (Ω× pr
∗
2 c2) ,
where we have used π̂∗Ĥ = c2. Now note that we have a map [M, SU(2)] → H
3(M ;Z)
through [g] 7→ g∗(Ω). In other words, if our a ∈ H3(M) is in the image of this map, then
there exists an automorphism of P̂ , given by [g] ∈ [M, SU(2)] such that [g] 7→ a such that
U∗Ĥ = Ĥ + π̂∗(a ∪ c2) = Ĥ
′ ,
as asserted.
In general, however, contrary to the analogous case for U(1)-principal bundles where
[M,U(1)] ∼= H2(M ;Z), the map [M, SU(2)] → H3(M ;Z) is neither injective, nor surjec-
tive. In the latter case, bundle isomorphisms do not exist which relate all of the allowed
cohomology classes for Ĥ. An example of non-injectivity is given by M = S4, where
[S4, SU(2)] ∼= π4(S
3) ∼= Z2, while H
3(S4;Z) ∼= 0. An example of non-surjectivity is given
by M = SU(3). Maps SU(3) → SU(2) induce homomorphisms H3(SU(3)) → H3(SU(2))
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between the third cohomology groups, which are each isomorphic to the integers. How-
ever the images of these maps only contain even elements (in physics this observation
leads to a no go theorem for coloured dyons [10]).
2.2. Chern-Simons form. In later sections of the paper we will see that the Chern-
Simons form [11] plays a crucial role in many of our considerations. Here we give a brief
overview of some of the results needed.
To each principal G-bundle π : P → M is associated a 2nd Chern class c2(P ) ∈
H4(M,Z). We have seen that in the case of G = SU(2) this class enters crucially in the
Gysin sequence of P , which relates the cohomology of P to the cohomology of the base
space M .
Now, let A ∈ Ω1(P, g) be a principal connection on the principal G-bundle π : P → M ,
i.e. a connection which reduces to the Maurer-Cartan form ΘMC of G on each fiber of P .
A de Rham representative of c2(P ) is given by
c2(P ) =
1
8π2
Tr(FA ∧ FA) , (2.4)
where
FA = dA+ A ∧A = dA+
1
2
[A,A]
is the curvature of A. Since F → g−1Fg under gauge transformations g : M → G, it
follows that c2(P ) is actually a closed 4-form on M . However, since the pull-back bundle
π∗P = P ×M P under π : P →M is trivial, the form π
∗c2 is exact on P (this also follows
from the Gysin sequence in the case G = SU(2)), hence we can write
π∗c2 = dCS(A) , (2.5)
where CS(A) ∈ Ω3(P ) is the so-called Chern-Simons 3-form. An explicit expression for
CS(A) is
CS(A) =
1
8π2
Tr(A ∧ FA −
1
3
A ∧A ∧ A) =
1
8π2
Tr(A ∧ dA+
2
3
A ∧A ∧A) . (2.6)
The Chern-Simons form is not gauge invariant, instead, under gauge transformations
g : M → G such that
gA = g−1Ag + g−1dg , (2.7)
we have
CS(gA) = CS(A) + CS(g−1dg) +
1
8π2
dTr(g−1dg ∧ g−1Ag) . (2.8)
where ∫
S3
CS(g−1dg) = −
1
24π2
∫
M
Tr(g−1dg ∧ g−1dg ∧ g−1dg) = deg g (2.9)
is the winding number (or degree) of the map g :M → G. In particular, for g : SU(2)→
SU(2) given by the identity map, g−1dg can be identified with the Maurer-Cartan form
ΘCM on SU(2), and thus principal connections on principal SU(2)-bundles are normalized
precisely such that
π∗CS(A) ≡
∫
SU(2)
CS(A) = 1 . (2.10)
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2.3. Cartan-Weil theory. The Gysin sequence (2.1) indicates that the cohomology
Hk(P ) of a principal SU(2)-bundle π : P → M is in some sense constructed out of
the cohomologies Hk(M) and Hk−3(M) of the base M . It will be useful to have a similar
statement at the level of forms. The construction we are about to review is called Cartan-
Weil theory.
First consider a trivial principal G-bundle P = M×G, where G is a connected compact
Lie group. Because of the Ku¨nneth theorem we have
Hk(P ) ∼=
⊕
i+j=k
(
Hi(M)⊗ Hj(G)
)
.
The cohomology of G is generated by the so-called primitive elements PG in H
•(G), in
the sense that H•(G) ∼=
∧
PG. Primitive elements are those classes for which µ
∗(ν) =
ν ⊗ 1 + 1 ⊗ ν, where µ∗ is the pull-back of forms under multiplication µ : G × G → G,
i.e. µ∗ : H•(G)→ H•(G× G) ∼= H•(G)⊗H•(G). For semi-simple compact groups G, there
are n = rank G primitive elements νi of degree 2ei + 1, where {ei}i=1,...,n are the set of
exponents of G, and thus dim H•(G) = 2n. Specific representatives of H•(P ) can thus be
chosen to be of the form ωi ⊗ νj, where ωi, and νj , are representatives of H
•(M), and
H•(G), respectively. Or, interpreted differently, the cohomology H•(P ) = H•(M × G)
can be computed from the complex (Ω•(M) ⊗
∧
PG, D), where D = dM is the de Rham
differential on Ω•(M).
In the case of a non-trivial principal G-bundle the Ku¨nneth theorem no longer holds,
and in general H•(P ) 6∼= H•(M)⊗H•(G). Yet it turns out that the cohomology H•(P ) can
still be computed from a complex (Ω•(M)⊗
∧
PG, D), albeit with a modified differential
D. More precisely, we have the following well-known theorem (see, e.g., [12])
Theorem 2.3. There exists a quasi-isomorphism of graded differential complexes
Φ : (Ω•(M)⊗
∧
PG, D)→ (Ω
•(P ), d)
known as the Chevalley homomorphism.
To describe D, we recall the following homomorphisms. First of all there is a linear
‘transgression’ map
τ : PG → (Sg
∗)inv ,
which maps the primitive elements in H•(G) to invariants in the symmetric algebra of g∗,
such that the primitive element of degree 2ei + 1 maps to an invariant of degree ei + 1
(the so-called ‘Casimirs’). Next we have the Chern-Weil homomorphism
h : (Sg∗)inv → H
•(M) ,
which doubles the degree, i.e. a Casimir invariant of degree ei + 1 maps to a 2(ei + 1)-
form, and involves the choice of a (principal) connection A on P . We choose a linear
map γ : (Sg∗)inv → Ω
•(M) such that γ(x) is a closed form representing the class h(x),
x ∈ (Sg∗)inv. The differential D on Ω
•(M)⊗
∧
PG is then given by
D(ω ⊗ (ν1 ∧ . . . ∧ νp)) = (dMω)⊗ (ν1 ∧ . . . ∧ νp)
+ (−1)degω
p∑
i=1
(−1)i−1(ω ∧ γ(τνi))⊗ (ν1 ∧ . . . ν̂i . . . ∧ νp) . (2.11)
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Finally, the Chevalley homomorphism Φ : Ω•(M) ⊗
∧
PG → Ω
•(P ) is given on Ω•(M)
by the pull-back of π : P → M , and on PG by ν → ν˜ = Φ(ν), where ν˜ ∈ Ω
•(P ) is chosen
such that π∗γ(τν) = dν˜.
Rather than describing all these maps in detail, let us just make this more explicit in the
case of G = SU(2). In this case there exists only one primitive element ν ∈ H3(SU(2)) ∼= R,
which can be taken as the volume form on SU(2) ∼= S3. To compute the cohomology of
a principal SU(2)-bundle π : P → M , we note that γ(τν) = c2(P ) ∈ H
4(M). This
involves the choice of a connection A on P . The transgression map is the statement
that the primitive form ν, under the Chevalley homomorphism Ω•(M)⊗
∧
PG → Ω
•(P )
is represented by the Chern-Simons form CS(A), where π∗c2(P ) = dCS(A). Hence, to
compute the cohomology Hk(P ) of P , it suffices to consider k-forms on P of the type
ω = π∗ωk + π
∗ωk−3 ∧ CS(A) ,
with ωi ∈ Ω
i(M), with differential
dω = π∗(dωk + (−1)
kωk−3 ∧ c2(P )) + π
∗dωk−3 ∧ CS(A) .
In Sec. 5 we will generalize this statement to twisted cohomology.
Note that in the case of a torus G = Tn, the statement of Theorem 2.3 reduces to the
treatment in [4], but while in the case of the torus the complex agrees with (Ω•(P ))inv ∼=
Ω•(M) ⊗
∧
g
∗ for G = SU(2) the space of invariant forms on P is a lot bigger than
Ω•(M)⊗
∧
PG. [The map g
∗ → (Ω1(P ))inv is through a principal connection A ∈ Ω
1(P, g).]
For those not familiar with Cartan-Weil theory, it is illuminating to apply the above
computation to the principal SU(n)-bundles SU(n+ 1)→ S2n+1. By induction one finds
H•(SU(n+ 1)) ∼= H•(S3 × . . .× S2n+1) .
3. Construction of the spherical T-Dual: Classifying Space Approach
We will now present an alternate approach to the construction of the T-dual. In
Subsec. 3.1 we present a classifying space R for a pair (P,H) consisting of a principal
SU(2)-bundle P →M and H ∈ H7(P,Z). This construction is similar in spirit to that for
U(1) bundles which was introduced in [13] and studied in detail by Bunke and Schick [14].
The classifying space for classical T-duality of higher rank principal torus bundles was
later studied in [15, 16, 17, 18]. However in the present case, in general a map M → R
no longer uniquely defines the T-dual bundle P̂ . These instead are represented by the
classifying space S, introduced in Subsec. 3.2. A pair (P,H) on M will be T-dualizable
only if a map M → R lifts to a map M → S and there will be a distinct T-dual for
each distinct lift. On the other hand, in Subsec. 3.3 we will see that rationally R and
S are homotopy equivalent and so, rationally, T-duals exist and are unique. In Subsec.
3.4 we provide an interpretation for the rational homotopy theory approach. Finally in
Subsec. 3.5 we show that if M is a 4-manifold then T-duals always exist and are unique.
3.1. Classifying space of pairs. Here we will assume that G = SU(2) (although some
of what we show holds for more general simply-connected compact Lie groups). Let M
be a locally compact Hausdorff space with the homotopy type of a finite CW complex.
A pair (P,H) over M will mean a principal G-bundle P → M together with a class
H ∈ H7(P,Z) (note that for dimension reasons, the restriction of H to each G fiber is 0).
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Theorem 3.1. The set of pairs (P,H) as defined above, modulo isomorphism, is a rep-
resentable functor, with representing space
R = EG×G Maps(G, K(Z, 7)), (3.1)
where EG→ BG is the universal G-bundle. Note that R is path-connected sinceH7(G;Z) =
0. Then R is a fiber bundle
Maps(G, K(Z, 7)) −→ R
c
−→ BG (3.2)
with fiber Maps(G, K(Z, 7)).
Proof. Construct a tautological pair (E,h) over R by setting E = EG×Maps(G, K(Z, 7))
with the diagonal action of G. Then define h : E→ K(Z, 7) by the formula
h(u, [v, γ]) = γ(g), (3.3)
where γ ∈ Maps(G, K(Z, 7)), g ∈ G, u, v ∈ EG, u and v live over c([v, γ]), and gv = u.
One can check that this is independent of the choices of u, v, and γ representing a
particular element of E. Clearly any map f : M → R enables one to pull back the
canonical pair (E,h) to a pair over M .
On the other hand, suppose we have a pair (P,H) over M . Since P
pi
−→ M is a principal
G-bundle, we know that P
pi
−→ M is pulled back from the universal bundle EG→ BG via
a map φ : M → BG. We claim we can fill in the diagram
K(Z, 7) E

hoo
{{✇✇
✇✇
✇✇
✇✇
✇
P
pi

h
;;✈✈✈✈✈✈✈✈✈
ϕ̂
//
f̂
55
EG

R
c
zz✈✈
✈✈
✈✈
✈✈
✈
M
ϕ
//
f
55
BG.
as shown, to make it commute, and to realize (P,H) as the pull-back of (E,h). Indeed, we
simply define f(z) = [ϕ̂(e), γ], where e ∈ π−1(z) ⊆ P , and where γ ∈ Maps(G, K(Z, 7)) is
defined by γ(g) = h(g ·e). Note that f(z) is independent of the choice of e. We can define
f̂ by f̂(e) =
[
ϕ̂(e), [ϕ̂(e), γ]
]
, with e as before. The rest of the proof is as in [14]. 
Next we want to understand the homotopy type of R. We start by studying the
homotopy type of the fiber Maps(G, K(Z, 7)). Note that
Maps(G, K(Z, 7)) ∼ Maps+(G, K(Z, 7))×K(Z, 7) ∼ K(Z, 4)×K(Z, 7). (3.4)
Therefore R can be realized as a homotopy fibration
K(Z, 4)×K(Z, 7)
c
→ R→ BG, (3.5)
or equivalently, as will be used below, as a homotopy fibration
K(Z, 7)→ R
P
→ K(Z, 4)× BG. (3.6)
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3.2. Classifying space of spherical T-dual pairs of pairs. In the last subsection
we saw that maps f : M → R classify pairs (P,H) where π : P → M is a principal
SU(2)-bundle on M and H ∈ H7(P,Z). However not all pairs have spherical T-duals and
when they do, the dual is not necessarily unique. In this subsection we describe another
classifying space, S, which classifies spherical T-dual pairs of pairs. In the case of the
circle bundles, these classifying spaces coincide and topological T-duality works perfectly.
However in our case, S and R are not homotopy equivalent. Instead, there is only a map
g : S → R. While pairs (P,H) correspond to maps f : M → R, in this subsection we
will show that T-duals correspond to lifts f˜ :M → S such that gf˜ = f .
First, recall that R is a K(Z, 7) bundle over K(Z, 4) × BG. Let α̂ and α generate
H4(K(Z, 4),Z) ∼= Z and H4(BG,Z) ∼= Z respectively. Then the characteristic class of the
fibration P : R→ K(Z, 4) is the k-invariant α ∪ α̂. Consider the map g : BG1 × BG2 →
K(Z, 4) × BG which corresponds to the generator of H4(BG1,Z) = [BG1, K(Z, 4)] ∼= Z
on BG1 and which is the identity on BG2. Here BG1 and BG2 are two copies of BG.
Theorem 3.2. The set of spherical T-dual pairs (P,H) and (P̂ , Ĥ), modulo isomorphism,
is a representable functor, with representing space S, defined to be P : S → BG1 × BG2,
the homotopy K(Z, 7)-fibration over BG1×BG2 pulled back from P : R→ K(Z, 4)×BG
via the map g, that is, S = g∗R.
K(Z, 7) // S
P

K(Z, 7) // R
P

BG1 ×BG2
g
// K(Z, 4)× BG
The k-invariant of the K(Z, 7) fibration S is β ∪ β̂ ∈ H8(BG1 × BG2;Z) where β = g
∗α
and β̂ = g∗α̂ generate H4 of the two copies of BG. Lifting g to the total spaces of the
K(Z, 7) fibrations one obtains an induced map g : S → R which we denote by the same
symbol.
Proof. We can define two principal G-bundles over S, Π : F→ S and Π̂ : F̂→ S to be the
pullback of the universal G bundle EG→ BG to S via the projection map P composed
with the projection maps BG1 ×BG2 → BG1 and BG1 ×BG2 → BG2 respectively. Note
that c2(F) = P
∗β and c2(F̂) = P
∗β̂.
P
pi

f˜
// F
Π

g
// E

M
f˜
// S
g
// R
Pˆ
pˆi

f˜
// Fˆ
Πˆ

i // F
Π

g
// E

M
f˜
// S
i // S
g
// R
Consider a map f˜ : M → S. One can obtain two principal SU(2)-bundles π : P → M
and π̂ : P̂ → M by pulling back those over S, P = f˜ ∗F and P̂ = f˜ ∗F̂. Notice that
gf˜ : M → R and so, by Theorem 3.1, gf˜ yields a pair (P,H) with H ∈ H7(P ;Z). As
g is the identity on BG2, F = g
∗E and so the P = f˜ ∗F obtained from f is identical to
P = (gf˜)∗E obtained from gf .
Let i : BG1 ×BG2 → BG1 × BG2 be the (homotopy) involution which exchanges BG1
and BG2. Since it preserves the k-invariant of S, it lifts to a (homotopy) involution
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i : S → S. Then gif˜ : M → R yields a pair (P̂ , Ĥ). Therefore a map f˜ : M → S yields
two pairs (P,H) and (P̂ , Ĥ).
To be spherical T-dual these pairs need to satisfy
c2(P ) = π̂∗Ĥ, c2(P̂ ) = π∗H, p
∗Ĥ = p̂∗H. (3.7)
By naturality, these relations are the pullbacks f˜ ∗ of the corresponding statements on S
c2(F) = Π̂∗ĥ, c2(F̂) = Π∗h, (Π⊗ 1)
∗ĥ = (1⊗ Π̂)∗h (3.8)
where h ∈ H7(F,Z) and ĥ ∈ H7(F̂,Z) are pulled back from E via h = g∗h and ĥ = (gi)∗h.
The third property is a consequence of the fact that i induces a homeomorphism on the
correspondence space F ×S F̂. At low dimensions only the S
7 ⊂ K(Z, 7) appears in
the skeleton of F and so the Gysin sequence can be used to demonstrate the first two
properties as follows. The facts
P ∗β ∪P ∗β 6= 0 ∈ H8(S,Z), P ∗β̂ ∪P ∗β̂ 6= 0 ∈ H8(S,Z), P ∗β ∪P ∗β̂ = 0 ∈ H8(S,Z)
(3.9)
imply that Im(Π∗ : H
7(F,Z) → H4(S,Z)) = Ker(P ∗β∪) is generated by P ∗β̂ = c2(F̂)
and so, up to a sign which can be fixed by an automorphism, c2(F̂) = Π∗h. The T-dual
statement follows by an identical argument using the Gysin sequence for P̂ . So we have
shown that the pairs (P,H) and (P̂ , Ĥ) corresponding to the map M → S are indeed
T-dual.
We will say that a pair (P,H) is T-dualizable if the corresponding map f : M → R
lifts to a map f˜ :M → S such that gf˜ = f .
S
g

M
f˜
>>
f
// R
In the case of T-duality of circle bundles, the homotopy equivalence between K(Z, 2)
and BU(1) induced an equivalence between the analogues of R and S, and so pairs of
U(1) bundles with 3-cocycles in the total space are always T-dualizable. In the present
case BSU(2) is not a model for K(Z, 4) as SU(2) is not a model for K(Z, 3) and so the
lift may fail to exist or to be unique. However there is one spherical T-dual for each lift
f˜ .
Are all spherical T-dual pairs of pairs representable by maps to S? Consider a T-dual
pair of pairs (P,H) and (P̂ , Ĥ). By Theorem 3.1 corresponding to (P,H) there is a map
f : M → R such that P = f ∗E and H = f ∗h. As (P̂ , Ĥ) is T-dual to (P,H)
c2(P̂ ) = π∗(H) = π∗f
∗h = f ∗π∗h = f
∗P∗α̂. (3.10)
The bundles π̂ : P̂ → M and π : P →M can be pulled back from the universal G-bundle
and so are represented by a map φ : M → BG×BG such that (P̂ , P ) = φ∗(EG×BG, BG×
EG). In particular, as β̂ and β are the generators the two copies of H4(BG), the Chern
classes can be expressed in terms of their pullbacks as φ∗(β̂, β) = (c2(P̂ ), c2(P )). Recall
that g : BG1 × BG2 → K(Z, 4) × BG is the map representing the generator of H
4(BG1)
on BG1 and the identity on BG2. Then
φ∗g∗(α̂, α) = φ∗(β̂, β) = (c2(P̂ ), c2(P )) = (f
∗P∗(α̂), f ∗P∗(α)). (3.11)
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Thus we learn that φ : M → BG1×BG2 lifts Pf :M → BG×K(Z, 4) so that Pf = gφ.
BG1 ×BG2
g ((◗◗
◗◗
◗◗
◗◗
◗◗
◗◗
R
P

M
φ
99sssssssssss
f
33❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣
P◦f=g◦φ
// BG×K(Z, 4)
To prove that this pair of pairs is representable, we need to construct not φ but rather
its lift f˜ : M → S, where φ = P f˜ , P : S → BG1 ×BG2.
S
P
 g
((◗◗
◗◗
◗◗◗
◗◗◗
◗◗◗
◗◗◗
◗◗
BG1 ×BG2
g ((◗◗
◗◗
◗◗
◗◗
◗◗
◗◗
R
P

M
f˜
BB
φ
99sssssssssss
f
33❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣
P◦f=g◦φ
// BG×K(Z, 4)
The obstruction to this lift is just the pullback of the k-invariant characteristic class of
P : S → BG1 × BG2,
φ∗(β ∪ β̂) = c2 ∪ ĉ2 = 0 (3.12)
where the last equality is a consequence of the fact that (P,H) and (P̂ , Ĥ) are T-dual
together with the Gysin sequence for either P → M or P̂ → M . The obstruction is
just the characteristic class of the restriction of the K(Z, 7) bundle S → BG1 × BG2 to
φ(M); as it vanishes, this restricted bundle is trivial. Therefore any section f˜ : M → S
of this trivial bundle provides a lift of φ and so exists, although in general it will not be
unique. As f˜ lifts f and f represents (P,H), one can pull back the 7-class h from F to
P to obtain H as desired.
Where is the ambiguity in choosing Ĥ? Begin with a pair (P,H), which determines a
map f : M → R. Recall that there will be a T-dual pair (P̂ , Ĥ) for each lift f˜ : M → S
such that gf˜ = f . In particular P̂ = f˜ ∗F̂. We construct the dual twist as
Ĥ = f˜ ∗h = f˜ ∗i∗g∗h, f˜ : P̂ → F̂, i : F̂→ F, g : F→ E (3.13)
where we have lifted everything to the dual bundles.
The dual twist is therefore determined by the map f˜ ∗ : H7(F̂) → H7(P̂ ). The Gysin
sequence for F̂ yields
0
pi∗ // H7(F̂)
pi∗ // H4(S)
β̂∪
// H8(S). (3.14)
As Ker(P ∗β̂ ∪ · : H4(S)→ H8(S)) = βZ ∼= Z and π∗ : H
7(F̂)→ H4(S) is an isomorphism
onto this kernel, we find H7(F) ∼= Z. It is generated by ĥ = i∗h. So ĥ is well defined, up
to a sign. However Ĥ = f˜ ∗h is not unique determined as it depends upon the choice of
lift f˜ . As f = gf˜ we know that f˜ ∗g∗ = f ∗ but there is no formula for Ĥ as f ∗ of a class
on a bundle over R, so this does not uniquely determine Ĥ .
However we know that on the correspondence space P̂ ×M P , p
∗Ĥ = p̂∗H which can
be pulled back from a corresponding identity on the correspondence space F̂×S F
(Π⊗ 1)∗ĥ = (1⊗ Π̂)∗h ∈ H7(F̂×S F). (3.15)
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As a result, p∗Ĥ is known, and so the difference f˜ ∗1 (h)− f˜
∗
2 (h) in the values of Ĥ defined
via two distinct lifts must be in
Ker
(
p∗ : H7(P̂ )→ H7(P̂ ×M P )
)
∼= π̂∗c2(P ) ∪H
3(P̂ ) ∼= π̂∗(c2(P ) ∪ H
3(M)) (3.16)
where in the last step we assumed c2(P̂ ) 6= 0. This matches the set of differences of
admissible values of Hˆ found in Theorem 2.2 (ii), and so for any choice of T-dual pair
(P̂ , Ĥ) there always exists a lift f˜ : M → S such that f˜ ∗h will be equal to the desired
value of Hˆ . 
Do the different values of Ĥ correspond to distinct T-dual pairs (P̂ , Ĥ)? In the circle
bundle case such an ambiguity can be absorbed via an automorphism of the bundle [14].
In the present case
Lemma 3.3. While a pair (P,H) does not necessarily uniquely determine a spherical
T-dual SU(2)-bundle P̂ , it does determine a T-dual 2-gerbe.
To see this, consider the associated map f : M → R. TheK(Z, 4) in R is the classifying
space for 2-gerbes. Thus, a 2-gerbe with characteristic class P ∗α̂ can be pulled back from
R to M via f . Consider an element a ∈ H3(M,Z). This can be represented by a map
φ : M → K(Z, 3) or equivalently by a 1-gerbe on M with characteristic class a. Trivial
2-gerbes are classified by 1-gerbes and trivial 2-gerbes act as automorphisms on 2-gerbes
that do not change their characteristic class. Therefore, automorphisms Aa of the 2-gerbe
are isomorphic to the group H3(M) of values of a.
Realizing the 2-gerbe as a K(Z, 3) bundle and the 1-gerbe as a map θ : M → K(Z, 3),
this automorphism is just the fiberwise multiplication of the K(Z, 3) over each point
m ∈M by θ(m). Realizing Ĥ as a 7-cocycle of the total space of the 2-gerbe which pulls
back from an SU(2)-subbundle, if it exists, by the Gysin sequence Ĥ can be split into
a component which pulls back from M and a component which pushes forward to yield
π̂∗Ĥ = c2. The automorphism changes the choice of splitting because π∗(A
∗
aπ
∗) 6= 0. The
choice of splitting changes by a, so (π̂∗)
−1(1) is increased by π̂∗a. Therefore (π̂∗)
−1(c2) is
increased by π̂∗(c2 ∪ a), resulting in Ĥ 7→ Ĥ + π̂
∗(c2 ∪ a). As a result the ambiguity in
the choice of Ĥ can be removed by a transformation of the 2-gerbe.
However we are not interested in the 2-gerbe itself, but the G-bundle P̂ to which it
lifts when (P,H) is T-dualizable. Let us restrict our attention to G = SU(2). Given an
SU(2)-bundle we can naturally associate a 2-gerbe [19]. Thus we can pull the 2-gerbe over
R back to S using g. The characteristic class of the pulled back 2-gerbe will be equal to
c2(F) ∈ H
4(S) and so the T-dual will be the 2-gerbe associated to F̂→ S. Furthermore
if (P,H) is T-dualizable then a lift f˜ exists which we can use to pull the 2-gerbe back
to M , where it will be the 2-gerbe associated to P̂ . The 1-gerbe automorphism with
characteristic class a can also be pulled back to M , indeed a ∈ H3(M). How can we
act the 1-gerbe on SU(2) fibers? Again consider a 2-gerbe to be a K(Z, 3) bundle and a
1-gerbe a map to K(Z, 3). Now the 1-gerbes act on 2-gerbes by fiberwise multiplication.
There is a rather nice explicit description not involving 2-gerbes in the case of interest
to string theory. Let us begin by recalling the following well known fact.
Lemma 3.4. If dim(M) ≤ 13, we can realize K(Z, 3) by the Lie group E8 and the auto-
morphism will simply correspond to the fiberwise group multiplication in E8. In particular,
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principal E8 bundles over M are classified up to isomorphism by their first Pontryagin
class, p1 = c2 ∈ H
4(M,Z).
We are interested in understanding more explicitly what it means for principal SU(2)-
bundles over M to be equivalent as 2-gerbes, or equivalently, when they have the same
2nd Chern class c2. Consider SU(2) that is minimally embedded into E8, j : SU(2) −֒→
E8, for example by considering a single simple root, so that the embedding induces an
isomorphism of the third cohomology groups. Then we deduce,
Lemma 3.5. Let Pk, k = 1, 2 denote principal SU(2)-bundles over M , where dim(M) ≤
13. Define the associated principal E8-bundles Qk = Pk×SU(2) E8 using the faithful homo-
morphism j as above. Then Pk, k = 1, 2 are equivalent as 2-gerbes if and only if Qk, k =
1, 2 are isomorphic principal E8-bundles. In particular if and only if c2(P1) = c2(P2).
Now can we use a map ψ : M → E8 to create an automorphism on an SU(2)-bundle?
The embedding of SU(2) in E8 gives a multiplication rule E8 × SU(2)→ E8. Thus the E8
action on an SU(2)-bundle creates a new bundle with transition functions in E8, not an
SU(2) subbundle as desired. However we would get an SU(2) subbundle if we could lift
ψ to ψ˜ : M → SU(2). The obstruction to removing the ambiguity in the construction of
Ĥ with an SU(2) bundle automorphism is just the obstruction to the existence of the lift
ψ˜ satisfying jψ˜ = ψ.
SU(2)
j

M
ψ˜
<<
ψ
// E8
More generally, in any dimension a ∈ H3(M) can be represented by a map F : M →
K(Z, 3). The ambiguity in the definition of Ĥ corresponding to a can be eliminated by
a bundle automorphism F˜ : M → SU(2) if and only if this 1-gerbe a, which generates
the automorphism on the 2-gerbe, lifts to F˜ such that the pullback F˜ ∗ of the top class
of SU(2) is equal to the characteristic class a of the 1-gerbe. If J : SU(2) → K(Z, 3)
represents the generator of H3(SU(2)) then the ambiguity in Ĥ corresponding to a can
be undone via an SU(2) bundle automorphism if there exists a lift F˜ such that JF˜ = F
SU(2)
J

M
F˜
;;
F // K(Z, 3)
Rationally the existence of the automorphism is equivalent to the existence of change of
connection (2.8) of the SU(2) bundle which shifts the Chern-Simons form on P̂ by any
integral period closed form corresponding to a. The obstructions to these objects are the
obstruction to Ĥ being defined up to bundle automorphism given a pair (P,H).
3.3. Rational homotopy theory approach. In the previous 2 subsections, we con-
structed a pair of classifying spaces (R, S), where R consists of pairs (P,H) over M con-
sisting of a principal G-bundle P → M together with a class H ∈ H7(P,Z), G = SU(2) as
before, and S consists of spherical T-dual pairs of such pairs. The problem with spherical
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T-duality in higher dimensions can be encapsulated by the observation that R 6= S. Using
rational homotopy theory, we observe that the rationalizations RQ = SQ are equal and
so spherical T-duality works nicely over the rationals. We will explain what this actually
means in the next section.
Recall that we have a homotopy fibration
K(Z, 7)→ R
P
→ K(Z, 4)× BG. (3.17)
Therefore
πj(R) = πj(BG), if j < 4 or j > 8 or j = 6. (3.18)
In the other cases, one has that πj(R) is an extension of πj(BG) by Z. Herein lies a
serious problem, namely since the homotopy groups of spheres and in particular of G are
unknown, therefore the homotopy groups of BG are also unknown. It follows that the
homotopy groups of R are also unknown!
However there is a partial fix, given by Quillen’s rational homotopy theory [20] of simply
connected spaces, motivated by the well known result of Serre that the homotopy groups
of spheres when tensored over the rationals, are completely understood. For more details
on this theory, see also [21], [22].
The rationalization of a simply connected space X , denoted XQ, has homotopy groups
πj(XQ) = πj(X)⊗Q. For example, GQ = K(Z, 3)Q and BGQ = K(Z, 4)Q.
So instead we study the rational homotopy type of R, denoted RQ.
Theorem 3.6. The space RQ has only two non-zero homotopy groups, π4(RQ) ∼= Q
2,
and π7(RQ) ∼= Q.
Proof. This follows from the rational homotopy fibration,
K(Z, 4)Q ×K(Z, 7)Q → RQ → K(Z, 4)Q. (3.19)

The space RQ has only two non-zero homotopy groups, π4 and π7, and so it is a two-
stage Postnikov system just like in [14].
Theorem 3.7 (Universal rational spherical T-duality). The rationalization RQ of the
classifying space R is a two-stage Postnikov system
K(Z, 7)Q → RQ → K(Z, 4)Q ×K(Z, 4)Q, (3.20)
with π7(RQ) ∼= Q and with π4(RQ) ∼= Q⊕Q.
The k-invariant of RQ in H
8(K(Z, 4)Q×K(Z, 4)Q,Q) can be identified with x∪y, where
x is any nonzero element of H4 of the first copy of K(Z, 4)Q and y is the same element
of H4 of the second copy of K(Z, 4)Q. Rationally, spherical T-duality is implemented by
a self-map # of RQ, whose square is homotopic to the identity, interchanging the two
copies of K(Z, 4)Q. (The involutive automorphism of K(Z, 4)Q×K(Z, 4)Q interchanging
the two factors preserves the k-invariant and thus extends to a homotopy involution of
RQ.)
Proof. We have already computed the homotopy groups of RQ.
To finish the proof of the theorem, we need to check that the k-invariant of RQ is
as described. The proof of this fact is similar to [14], [16] once we have the fibration
(3.20). 
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Lemma 3.8. Let R be the classifying space for pairs (P,H), as in Theorem 3.7, and let
(p : E → R,h) be the canonical pair over R. Then upon rationalization, we get pairs
(EQ → RQ,hQ). Then with notation as in Theorem 3.7, the cohomology ring
H∗(RQ) = Q[x, y]/(xy)
where x and y are in degree 4 and in particular, Hj(RQ) = 0, j = 1, 2, 3 and H
4(RQ)
and H8(RQ) are non-zero. The characteristic class of p : EQ → RQ is [p] = x, and of the
T-dual bundle is [p#] = y. The space EQ is homotopy equivalent to K(Z, 7)Q×K(Z, 4)Q,
so its cohomology ring is
H∗(EQ) = Q[y, ι7]/(ι
2
7)
where y is in degree 4 (pulled back from generators of the same name in H4(RQ)), ι7 is
the canonical generator of H7(K(Z, 7)Q) in degree 7.
Proof. From the proof of Theorem 3.1, E is the homotopy fiber of the map c : R→ BG,
and can be identified with Maps(G,K(Z, 7)), which splits as a product of K(Z, 7) and
Maps+(G,K(Z, 7)). Thus E has the homotopy type of K(Z, 7)×K(Z, 4). Now the result
follows by considering the Serre spectral sequences for the fibrations
K(Z, 7)Q →EQ → K(Z, 4)Q,
K(Z, 7)Q →RQ → K(Z
2, 4)Q,
as in [16]. 
3.4. The meaning of the rationalized spherical T-duality classifying space. The-
orem 3.7 says that in higher dimensions, although spherical T-duality doesn’t work as
nicely as spherical T-duality when the baseM has dimension 4, it works nicely rationally.
Our goal is to explain this result in this section.
In dimensions higher than 4, principal SU(2)-bundles are not just classified by coho-
mology. More precisely, πi+1(BSU(2)) = πi(SU(2)) and since πi(SU(2)) = πi(S
3) is in
general very complicated, the second Chern class c2 of a principal SU(2)-bundle is usually
not a complete invariant of the bundle. For instance, SU(2) is a subgroup of SU(3) with
quotient SU(3)/SU(2) ∼= S5. Thus SU(3) is the total space of a principal SU(2)-bundle
over S5 which cannot be the trivial bundle since 0 = π4(SU(3)) 6= π4(SU(2) × S
5) =
π4(SU(2)) = Z2. [For the homotopy groups of SU(3), cf. [23].] Therefore cohomology of
S5 does not classify principal SU(2)-bundles over it. This can also be seen by the known
result that [S5, BSU(2)] = [S4,ΩeBSU(2)] = [S
4, SU(2)] = Z2. In String Theory, the
relevant base dimension is 7, and there are partial results in [24], where there is more
information about the map defined by the second Chern class
c2 : BunSU(2)(M)→ H
4(M ;Z) (3.21)
and its failure to be both surjective and injective in general. However, at least when M7
is a 2-connected rational homology 7-sphere, then the second Chern class c2 is onto and
there is a complete classification in terms of the 2nd Chern class, the t-invariants and
Eells-Kuiper invariants (both of which are torsion).
But what does universal rational spherical T-duality (Theorem 3.7) mean? Let (P, h)
be a pair where P is a principal SU(2)-bundle over M and h : P → K(Z, 7). Then
[(P, h)] ∈ R. Let r : R → RQ denote the rationalization map. Then r([(P, h)]) =
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[(PQ, hQ)] ∈ RQ. Recall that by Theorem 3.7, there is a spherical T-duality involution
TQ on RQ. Consider the “rational spherical T-dual” TQ(r([(P, h)])) = TQ[(PQ, hQ)] =
[(QQ, ĥQ)] ∈ RQ. Then (P, h) is spherical T-dualizable if and only if [(QQ, ĥQ)] ∈
Image(r). The number of spherical T-duals is the size of the fiber r−1([(QQ, ĥQ)]).
This rational isomorphism can be understood constructively using the result of Ref. [7]
that for each dimension d there exists a natural number N(d) such that any multiple of
N(d) in H4(M,Z) of a d-manifold M is c2 of an SU(2) bundle. Recall that pairs (P,H)
are classified by (homotopy classes of) maps f : M → R and pairs of pairs (P,H) and
(P̂ , Ĥ) by maps f˜ : M → S. Now the homotopy classes of the maps are determined by
the (d+ 1)-skeletons of R and S.
We have seen that there is a map from g : S → R induced from the map from BSU(2) to
K(Z, 4) corresponding to the generator of H4(BSU(2)) but the above result implies that
there is also a map g˜ from the d+1 skeleton of R to that of S which acts of H4(M,Z) via
multiplication by N(d). This is an isomorphism on H4(M) evaluated over the rationals,
but is not surjective over the integers when N(d) > 1. However, rationally it is sufficient
to construct a T-dual pair of pairs as f˜ = g˜f is a map M → S and the T-dual can be
pulled back from S. This will only be a T-dual rationally, as c2(Pˆ ) = N(d) π∗H .
3.5. When the Base M is Dimension 4. The base M (by assumption) and fiber S3
are orientable, connected manifolds. Therefore the total space of π : P →M is orientable
and so
H0(M) ∼= H0(P ) ∼= H4(M) ∼= H7(P ) = Z. (3.22)
In what follows we will fix these isomorphisms, which implies that we have chosen an
orientation. The Gysin sequence (2.1) implies an isomorphism H7(P ;Z)
pi∗∼= H4(M ;Z),
which can be used to construct a 7-class H = (π∗)
−1c2(P ) given any choice of second
Chern class c2(P ) ∈ H
4(P ). As there exists a principal SU(2)-bundle P → M for any
second Chern class c2(P ) ∈ H
4(P ), a choice of 7-cocycle H ∈ H7(P ) also can be used to
construct a principal SU(2)-bundle P characterized by c2(P ) = π∗(H).
The spherical T-duality map (c2(P ), H) → (c2(P̂ ), Ĥ) is the direct sum of two such
isomorphisms. First, given H ∈ H7(P ) one constructs the principal SU(2)-bundle π̂ :
P̂ → M with second Chern class c2(P̂ ) = π∗H . Then one uses the isomorphism π̂∗ :
H7(P̂ ) → H4(M) to construct Ĥ = (π̂∗)
−1c2(P ) ∈ H
7(P̂ ). Summarizing, the spherical
T-duality map is
(π∗, (π̂∗)
−1) : (H4(M),H7(P ))→ (H4(M),H7(P̂ )) : (c2(P ), H) 7→ (π∗(H), (π̂∗)
−1c2(P )).
(3.23)
Thus we have learned that in the special case in which M is 4-dimensional, spherical
T-duality behaves like ordinary T-duality in the sense that a choice of principal SU(2)-
bundle P and an integral 7-class on P uniquely (up to isomorphism) determines a T-dual
principal SU(2)-bundle P̂ and an integral 7-class Ĥ on P̂ .
4. Examples
4.1. Bundles over S4. When M is a 4-manifold the Gysin sequence and the H-twist
only affect the top and bottom cohomologies of M . As M is orientable and, without loss
of generality, connected, these are both isomorphic to Z. Therefore calculations of the
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cohomology of P , P̂ , and the correspondence space P×M P̂ via the Gysin sequence are es-
sentially the same for all connected 4-manifolds, as the cohomology in middle dimensions
plays no role.
In this section we will calculate these groups and maps for the case M = S4. As the
maps described here act trivially on the middle cohomology, the generalization to other
orientable 4-manifolds is straightforward. One can find explicit constructions of principal
SU(2)-bundles on S4, and also on other compact oriented 4-manifolds, in Section 10.6
of [25]. Constructions of principal SU(2)-bundles in higher dimensions via quaternionic
divisors can be found in Section 1.c of [24].
Recall that on oriented 4-manifolds M there is a 1-1 correspondence between the prin-
cipal SU(2)-bundles and H4(M ;Z) given by the second Chern class c2. In the present
case H4(S4) ∼= Z and so principal SU(2)-bundles will be classified by a single integer. We
will define the bundles π : P → S4 and π̂ : P̂ → S4 by
c2(P ) = k, c2(P̂ ) = j . (4.1)
Ordinarily P , and therefore k, is part of the initial data and P̂ , and therefore j, are
derived by the T-duality map. The case in which either j or k is zero is rather simple,
so for concreteness we will consider j 6= 0 and k 6= 0.
The Gysin sequence (2.1) easily yields the cohomology of P and P̂
H0(P ) ∼= H0(P̂ ) ∼= H7(P ) ∼= H7(P̂ ) ∼= Z, H4(P ) ∼= Zk, H
4(P̂ ) ∼= Zj . (4.2)
In particular, we determine H4(P ) using the sequence
H0(M)
∼=

∪c2 // H4(M)
∼=

pi∗ // H4(P )
∼=

pi∗ // H1(M)
∼=

Z
×k
// Z // ? // 0
(4.3)
from which we learn that π∗ : H4(M)→ H4(P ) : k 7→ 0 and so H4(P ) ∼= Zk, and similarly
for P̂ .
The other interesting part of the sequence is
H7(M)
∼=

pi∗ // H7(P )
∼=

pi∗ // H4(M)
∼=

∪c2 // H8(M)
∼=

0 // Z // Z
×k
// 0
(4.4)
which implies that π∗ : H
7(P )→ H4(M) is an isomorphism and similarly for π̂. It is this
isomorphism which allows H ∈ H7(P ) to uniquely determine ĉ2 ∈ H
4(M) and c2 ∈ H
4(M)
to uniquely determine Ĥ ∈ H4(P̂ ) and so render the spherical T-dual existent and unique.
Recall that we also impose the condition
p∗(Ĥ)− p̂∗(H) = 0 ∈ H7(P ×M P̂ ) . (4.5)
The pushforward condition has already determined Ĥ uniquely, so does it satisfy (4.5)?
By Theorem 2.2 (i) we know that it must. However we will check this directly by calcu-
lating H7(P ×M P̂ ).
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The desired cohomology group appears in two distinct short exact Gysin subsequences
H3(P )
∼=

// H7(P )
∼=

p̂∗
// H7(P ×M P̂ )

p̂∗ // H4(P )
∼=

// H8(P )
∼=

0
×j
// Z // ? // Zk
×j
// 0
(4.6)
and
H3(P̂ )
∼=

// H7(P̂ )
∼=

p∗
// H7(P ×M P̂ )

p∗ // H4(P̂ )
∼=

// H8(P̂ )
∼=

0
×k
// Z // ? // Zj
×k
// 0
(4.7)
The first sequence implies that H7(P ×M P̂ ) is an extension of Z by Zk and the second
that it is an extension of Z by Zj . This is only possible if
H7(P ×M P̂ ) ∼= Z⊕ Zi,
k
i
,
j
i
∈ Z. (4.8)
However this is not enough information to determine the group uniquely.
Define a ∈ Z and b ∈ Zi by
H7(P )
∼=

p̂∗
// H7(P ×M P̂ )
∼=

Z // Z⊕ Zi
1 // (a, b)
(4.9)
By exactness of (4.6), p̂∗ : H
7(P ×M P̂ )→ H
4(P ) = Zk is surjective therefore
Zk ∼= Im(p̂∗)|H7(P×M P̂ )
∼=
H7(P ×M P̂ )
Im(p̂∗)|H7(P )
∼=
Z⊕ Zi
(a, b)Z
∼= Z ai
gcd(b,i)
⊕ Zgcd(b,i) (4.10)
where gcd(b, i) = i if b = 0 mod i. The total order of the right hand side must be k and
so a = k/i. The last two terms on the right hand side combine into a single cyclic group
only if their degrees are relatively prime gcd(gcd(b, i), k
gcd(b,i)
) = 1. An identical procedure
for P̂ implies
p∗ : H7(P̂ ) ∼= Z→ H7(P ×M P̂ ) ∼= Z⊕ Zi : 1 7→ (j/i, bˆ) , (4.11)
where gcd(gcd(̂b, i), j
gcd(bˆ,i)
) = 1.
We will now use the fact that
π̂∗π∗ = p∗p̂
∗ : H7(P ) ∼= Z→ H4(P̂ ) ∼= Zj . (4.12)
As π∗ : H
7(P )→ H4(S4) is an isomorphism and π̂∗ : H4(S4)→ H4(P̂ ) is surjective, π̂∗π∗
maps the generator, 1, of H7(P ) ∼= Z to an order j element of H4(P̂ ) ∼= Zj . On the other
hand we have seen that
p̂∗(1) = (k/i, b) ∈ H7(P ×M P̂ ) ∼= Z⊕ Zi. (4.13)
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The kernel of the map p∗ : H
7(P ×M P̂ ) ∼= Z ⊕ Zi → H
4(P̂ ) ∼= Zj is the image of
p∗ : H7(P̂ ) → H7(P ×M P̂ ) which is generated by (j/i, bˆ). Therefore p∗p̂
∗(1) will be of
order j if p̂∗(1) = (k/i, b) is of order j in (Z⊕ Zi)/〈j/i, bˆ〉.
Clearly the order of (k/i, b) is at most j, because
j
(
k
i
, b
)
=
(
jk
i
, aˆbi
)
=
(
jk
i
, abˆi
)
= k
(
j
i
, bˆ
)
(4.14)
in Z⊕ Zi. Let n = gcd(j, k) As i is also a divisor of j and k, n/i is an integer. Now
ji
n
(
k
i
, b
)
=
(
ijk
n
, 0
)
=
ki
n
(
j
n
, bˆ
)
(4.15)
and so p̂∗(1) = (k/i, b) is of order ji/n. But it must be of order j in order for the
commutation condition (4.12) to be satisfied. Therefore i = n and so we have computed
H7(P ×M P̂ ) ∼= Z⊕ Zgcd(j,k) (4.16)
and we have found
a =
k
i
=
k
gcd(j, k)
, â =
j
gcd(j, k)
. (4.17)
It is not hard to see that Eq. (4.16) applies to any oriented 4-manifold M with vanishing
first Betti number. Furthermore, this result can be generalized to any oriented 4-manifold
M by taking the direct sum with Zb1(M).
Finally we are ready to determine the pullbacks of the twists to the correspondence
space P ×M P̂ . First, notice that as H is a multiple of k and Ĥ is a multiple of j, they
both vanish modulo gcd(j, k) and so their pullback to the second term in (4.16) will be
equal to zero. The first term is given by a and â
p∗Ĥ = (âk, b̂k) =
(
jk
gcd(j, k)
, 0
)
= (aj, bj) = p̂∗H. (4.18)
Therefore the value of Ĥ determined by the condition π̂∗H = c2(P ) indeed agrees with
H when both are lifted to the correspondence space, as is required for the consistency of
the T-duality map.
In Subsec. 6.4 we will need the rest of the cohomology of the correspondence space and
the related maps. At other dimensions the extension problems have unique solutions and
so the cohomology groups can be directly read from the Gysin sequence. At dimension 3
H3(P̂ )
∼=

p∗
// H3(P ×M P̂ )

p∗ // H0(P̂ )
∼=

// H4(P̂ )
∼=

0 // ? // Z
×k
// Zj
(4.19)
Therefore p∗ is an injection into H
0(P̂ ) ∼= Z. Furthermore it yields an isomorphism
H3(P ×M P̂ ) ∼= Ker(k∧) ∼= gcd(j, k)Z ∼= Z (4.20)
and p∗ : H
3(P ×M P̂ )→ H
0(P̂ ) : 1 7→ gcd(j, k).
At dimension 10 the Gysin sequence yields an isomorphism
H10(P ×M P̂ ) ∼= H
7(P̂ ) ∼= Z . (4.21)
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Finally, at dimension 4 the Gysin sequence yields
H0(P̂ )
∼=

// H4(P̂ )
∼=

p∗
// H4(P ×M P̂ )

p∗ // H1(P̂ )
∼=

Z
×k
// Zj // ? // 0
(4.22)
and so
H4(P ×M P̂ ) ∼=
Zj
Im(k∧ : Z→ Zj)
∼=
Zj
kZj
∼= Zgcd(j,k) . (4.23)
We could have calculated H7 more quickly using the fact that its torsion part is isomorphic
to that of H4 by the universal coefficient theorem. However this longer derivation has
provided explicit expressions (4.11) and (4.13) for the pullback maps which will be used
in Subsec. 6.4.
4.2. Bundles over HP n. In [26, 24], the complete classification of principal SU(2)-
bundles over the quaternionic projective spaces HP 2, and HP 3, has been given. In both
cases, they are classified by a precisely described subset of integers and precisely described
torsion (homotopy) groups. Suppose that n > 1 and that c2(P ) 6= 0 ∈ H
4(HP n) ∼= Z,
then by the Gysin sequence one finds H7(P ) = 0. Here we have used the fact that the
cohomology groups Hp(HP n) ∼= Z if p = 4j, j = 0, 1, . . . , n, and Hp(HP n) = 0 otherwise
(in particular H7(HP n) = 0). Therefore, in this case H = 0 will be trivial in cohomology
and so the spherical T-dual P̂ →M will have c2(P̂ ) = 0, which in the case n = 2 implies
that it is the trivial bundle P̂ = HP 2×S3. By the Ku¨nneth theorem H7(HP 2×S3) ∼= Z
and so the dual twist Ĥ will characterized by a single integer. However not all integers
values of Ĥ will be realized by T-duality because in these cases, the 2nd Chern class c2(P )
is not onto H4(HP 2) ∼= Z, so only certain values of H are T-dualizable. More precisely,
c2 has to be of the form 24r + s ∈ H
4(HP 2) where r ∈ Z and s = 0, 1, 9, 16. If s = 0 or
s = 16 then the bundle is uniquely defined, if s = 1 or s = 9 then there are two distinct
bundles with the same c2. In either case, the spherical T-dual is P̂ = HP
2 × S3 with
Ĥ = 24r + s. However, this T-duality is only injective and so invertible if s is even.
In the case M = HP 3, again only certain values of c2 are allowed but now c2 never
completely classifies the bundle, even when c2 = 0. Thus even though H
7(P ) = 0 implies
that H = 0, this only implies that c2(P̂ ) = 0 and does not determine whether the T-dual
bundle is trivial or not. Nonetheless the isomorphism H7(P̂ ) ∼= Z ∼= H4(HP 3) can be
used to determine Ĥ ∈ H7(P̂ ). Again the fact that only certain elements of H4(HP 3)
are realized as c2 of principal SU(2)-bundles (cf. [26, 24]) implies that only certain pairs
(P̂ , Ĥ) will be T-dualizable, and in no case will their T-dual be unique.
5. Spherical T-duality is an Isomorphism of Twisted Cohomology
In this section we will see that, for a base of any dimension, T-duality induces an
isomorphism on twisted cohomologies with real or rational coefficients. In this section it
will be implied that all cohomology groups and twisted cohomology groups are over the
real numbers.
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5.1. Construction of the T-dual Twist as a Differential Form. The Gysin sequence
· · ·
c2∧// H7(M)
pi∗ // H7(P )
pi∗ // H4(M)
c2∧ // · · · (5.1)
gives a decomposition of the differential 7-form H ∈ Ω7(P ) in terms of closed forms
H4 ∈ Ω
4(M) and H7 ∈ Ω
7(M) as
H = π∗H7 + (π∗)
−1H4 (5.2)
where without loss of generality we have not included an additional exact term dB which
can be eliminated via an automorphism of the twisted cohomology corresponding to
multiplication by e−B. The inverse of π∗ is well-defined as a map on closed forms
(π∗)
−1 : Ker(c2∧)|Ω4(M) →
Ω7(P )
π∗Ω7(M)
. (5.3)
However, by choosing an element in each coset it lifts to Ω7(P ) itself
(π∗)
−1 : Ker(c2∧)|Ω4(M) → Ω
7(P ) : α 7→ α ∧ CS(A). (5.4)
Therefore, as was seen using Cartan-Weil theory in Subsec. 2.3, H may be decomposed
as
H = π∗H7 + ĉ2 ∧ CS(A). (5.5)
Similarly
Ĥ = π̂∗H7 + c2 ∧ CS(Â). (5.6)
We have seen that in general Ĥ may contain an additional summand c2 ∧ π
∗a where a is
a closed 3-form on M . However, as d(π∗a) = 0 and p∗(c2 ∧ π
∗a) = d(CS(A) ∧ π∗a), the
a may be absorbed as a shift CS(Â) → CS(Â) + π∗a. This redefinition will be implied
in all formulas in Sec. 5. The resulting shift in Eq. (5.14) does not affect Eq. (5.15), as
each term in (5.14) needs to vanish separately. Thus the choice of a will not affect the
injection proof. In the surjection proof, in addition to the shift in CS(Â), we will see that
a also affects Eq. (5.21). As the isomorphism proof below holds for any choice of a, a
change of a will induce an isomorphism between the corresponding d − Ĥ cohomologies
of P̂ .
Note that, with these choices made, H and Ĥ are automatically SU(2)-invariant. Fur-
thermore
dH = π∗dH7 + ĉ2 ∧ c2 = 0, dĤ = π̂
∗dH7 + c2 ∧ ĉ2 = 0 (5.7)
as H7 is closed and c2 ∧ ĉ2 = 0.
Lifting to the correspondence space P ×M P̂ one finds
p∗Ĥ − p̂∗H = p∗π̂∗H7 − p̂
∗π∗H7 + c2 ∧CS(Â)− ĉ2 ∧CS(A). = d(CS(A) ∧CS(Â)). (5.8)
5.2. Spherical T-duality Induces an Isomorphism. Given closed, SU(2)-invariant
7-formsH ∈ Ω7(P ) and Ĥ ∈ Ω7(P̂ ) we define the H (Ĥ) twisted cohomology H
even/odd
H (P )
(H
even/odd
Ĥ
(P̂ )) to be the subset of Ωeven/odd(P ) ( Ωeven/odd(P̂ )) which is annihilated by the
operation dH = d −H∧ (dĤ = d − Ĥ∧) quotiented by the image of the same operation
on Ωodd/even(P ) ( Ωodd/even(P̂ )).
Let ω be an SU(2)-invariant dH closed polyform representing a class in H
even/odd
H (P ).
Note that every twisted cohomology class has a representative which is SU(2)-invariant,
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we will restrict our attention to these representatives and furthermore will choose repre-
sentatives H and Ĥ of the form Eq. (5.5) and (5.6). Lifting to the correspondence space
P×M P̂ , applying the kernel exp(CS(A)∧CS(Â)) and integrating over the fiber, we define
the T-duality transform
T∗(ω) =
∫
SU(2)
exp(CS(A) ∧ CS(Â)) ∧ p̂∗ω. (5.9)
Lemma 5.1. The T-duality transform T∗ induces a homomorphism of twisted cohomology
groups
T∗ : H
even/odd
H (P ) −→ H
odd/even
Ĥ
(P̂ ). (5.10)
Proof. Since d(CS(A) ∧ CS(Â)) = −p̂∗H + p∗Ĥ, we have
T∗(dHω) =
∫
SU(2)
exp(CS(A) ∧ CS(Â)) ∧ p̂∗dω
−
∫
SU(2)
exp(CS(A) ∧ CS(Â)) ∧ p̂∗H ∧ p̂∗ω
= −d
∫
SU(2)
exp(CS(A) ∧ CS(Â)) ∧ p̂∗ω
−
∫
SU(2)
exp(CS(A) ∧ CS(Â)) ∧ (p̂∗H − p̂∗H + p∗Ĥ) ∧ p̂∗ω
= −dĤT∗(ω) (5.11)
where in the last step we used the fact that
∫
SU(2)
= p∗ together with the property of the
pullback
p∗(α ∧ p
∗β) = (p∗(α)) ∧ β. (5.12)
Eq. (5.11) may be summarized by the statement T ◦dH = −dĤ ◦T . Therefore T takes dH
exact (closed) forms on P to dĤ exact (closed) forms on P̂ and so it induces a well-defined
homomorphism on the twisted cohomology groups. 
As the Maurer-Cartan forms θk are a basis of left-invariant forms and the connection
Ak restricted to the fiber yields θk, for any ω ∈ Ω•(P )SU(2), we have the decomposition
ω = π∗ω0 + CS(A) ∧ π
∗ω3 +
∑
k
Ak ∧ π∗ωk1 +
∑
j,k
Aj ∧ Ak ∧ π∗ωjk2 (5.13)
where ω• ∈ Ω
•(M). The T-dual of ω is then
T∗(ω) =
∫
SU(2)
CS(A) ∧
(
π∗ω3 + CS(Â) ∧ π
∗(ω0)
)
+
1
24π2
∫
SU(2)
∑
i,j,k
ǫijkAi ∧Aj ∧ Ak ∧ F i ∧ π∗ωjk2
= π∗ω3 + CS(Â) ∧ π
∗(ω0 −
∑
i,j,k
ǫijkF i ∧ π∗ωjk2 ) (5.14)
where F i is the Lie-algebra valued curvature corresponding to the direction i in the Lie
algebra. So the kernel of T∗ consists of all invariant polyforms η of the form
η =
∑
i,j,k
ǫijkF i ∧ π∗ηjk2 +
∑
k
Ak ∧ π∗ηk1 +
∑
j,k
Aj ∧ Ak ∧ π∗ηjk2 . (5.15)
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The map T∗ : H
even/odd
H (P ) −→ H
odd/even
Ĥ
(P̂ ) is injective if and only if all dH-closed
forms in Ker(T∗) are dH-exact. In other words, to show that T∗ is an injection we must
show that η is only dH closed if it is also dH exact.
By the Maurer-Cartan equation
dθi = ǫijkθj ∧ θk, dAi = ǫijkAj ∧Ak + F i. (5.16)
Suppressing the various π∗,
dHη = dH
∑
i,j,k
ǫijkF i ∧ ηjk2 +
∑
k
F k ∧ ηk1 (5.17)
+
∑
i
Ai ∧ (−dH7η
i
1 − 2
∑
k
F k ∧ ηik2 ) +
∑
j,k
Aj ∧ Ak ∧ (
∑
i
ǫijkηi1 + dH7η
jk
2 ).
As the monomials in Ai are linearly independent, each term must vanish separately.
In particular, the first line contains only constant and cubic terms and so must vanish
separately from the second line. Therefore η is only dH closed if
ηi1 = −
∑
i,j,k
ǫijkdH7η
jk
2 (5.18)
which implies that dH7η
i
1 = 0 and so
∑
k η
ik
2 ∧ F
k = 0 for all i. In this case
η = dH
∑
i,j,k
ǫijk(Ai ∧ ηjk2 ) (5.19)
and so η is also dH exact. Therefore T∗ : H
even/odd
H (P ) −→ H
odd/even
Ĥ
(P̂ ) is injective.
What about surjectivity? Any ŜU(2)-invariant form on P̂ can be written in the form
ω̂ = π̂∗ω̂0 + CS(Â) ∧ π̂
∗ω̂3 +
∑
k
Âk ∧ π̂∗ω̂k1 +
∑
j,k
Âj ∧ Âk ∧ π̂∗ω̂jk2 . (5.20)
Surjectivity on twisted cohomology is the claim that if dĤω̂ = 0 then ω̂ can be written
in the form (5.14) plus an exact form dĤη.
The space of invariant differential forms can be split into two subspaces, Λ∗(P̂ ) =
ΛA(P̂ )⊕ΛB(P̂ ). ΛA(P̂ ) consists of sums π̂∗ω̂0+π
∗ω̂3∧CS(Â) while Λ
B(P̂ ) consists of sums∑
k π̂
∗ω̂k1∧Â
k+
∑
ij π̂
∗ω̂ij2 ∧Â
i∧Âj . The key observation is again that dĤΛ
A(P̂ ) ⊂ ΛA(P̂ ).
Therefore, if ω̂ is dĤ closed then its restriction to Λ
B(P̂ ) must also be dĤ closed. But
this restriction to ΛB(P̂ ) is just the restriction to forms of the form (5.15). Repeating the
above calculation leading to Eq. (5.18) with H replaced by Ĥ given in Eq. (5.6), these
are only twisted closed if
ω̂i1 = −
∑
i,j,k
ǫijkd(H7+c2∧a)ω̂
jk
2 . (5.21)
Now we can prove surjectivity directly. For any ŜU(2)-invariant, dĤ-closed polyform
ω̂ ∈ Λ∗(P̂ ), using the decomposition (5.20) one obtains
ω̂ = T∗ω + dĤη (5.22)
where
ω = π∗ω̂3 + CS(A) ∧ π
∗(ω̂0 −
∑
i,j,k
ǫijkF̂ i ∧ π∗ω̂jk2 ) (5.23)
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and
η =
∑
i,j,k
ǫijk(Âi ∧ π̂∗ω̂jk2 ). (5.24)
So T∗ is surjective on Ĥ twisted cohomology.
As T∗ is an injective and surjective homomorphism on twisted cohomology, we have
proved our main theorem:
Theorem 5.2. The T-duality transform
T∗ : H
even/odd
H (P ) −→ H
odd/even
Ĥ
(P̂ ) (5.25)
is an isomorphism of twisted cohomology groups.
An alternate proof of the theorem is as follows. dHΛ
A(P ) ⊂ ΛA(P ) and so (ΛA(P ), dH)
is a differential complex. A slight modification of (5.22) yields, for any SU(2)-invariant
ω ∈ Λ∗(P ) decomposed as in Eq. (5.13), an element ω˜ ∈ ΛA(P )
ω˜ = ω − dH
(∑
i,j,k
ǫijk(Ai ∧ π∗ωjk2 )
)
. (5.26)
As ω˜ − ω is dH exact, this map is a chain homotopy. Therefore the cohomology of the
complex (ΛA(P ), dH) is isomorphic to that of all invariant differential forms, which in
turn is isomorphic to that of all differential forms.
Now T-duality satisfies T ◦dH = −dĤ ◦T and so its action on this complex generates an
homomorphism between the twisted cohomologies. Furthermore T∗ acts on Λ
A(P ) as an
involution ω0 ←→ ω3 and so squares to the identity. Therefore it induces an isomorphism
on the twisted cohomology. As this involution exchanges the even and odd degrees, so
does T∗.
6. Spherical T-duality with integer coefficients
In various cases the objects and maps defined above, with rational coefficients, have
integral lifts. In this section all cohomology groups will be over integer coefficients.
6.1. The base M a 4-manifold. In this subsection we will demonstrate that, when
the base is an oriented 4-manifold, the spherical T-duality map can be extended to
cohomology with integral coefficients. We have seen that it is a pairing between the
second Chern class, which is an integral 4-cocycle in the base, and the twist, which
is an integral 7-cocycle in the total space of the bundle. We will demonstrate that
spherical T-duality induces an isomorphism between the twisted integral cohomologies of
the respective SU(2) principal bundles.
6.1.1. Isomorphism of twisted cohomologies over the integers. We will now show
Theorem 6.1. For P → M and P̂ → M principal SU(2)-bundles over an oriented
4-manifold related by the map (3.23), there is an isomorphism between the twisted coho-
mology groups H
even/odd
H (P ) and H
odd/even
Ĥ
(P̂ ), defined to be the cohomology of the integral
cohomology groups with respect to the cup product with the corresponding twist
HkH(P ) =
Ker(H∪)|Hk(P )
Im(H∪)|Hk−7(P )
. (6.1)
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Proof. If c2(P ) = 0 then the Ku¨nneth theorem yields
Hk(P ) ∼= Hk(M)⊕ Hk−3(M) (6.2)
and so
H1(P ) ∼= H1(M), H2(P ) ∼= H5(P ) ∼= H2(M), H3(P ) ∼= H3(M)⊕ Z
H4(P ) ∼= H1(M)⊕ Z, H6(P ) ∼= H3(M). (6.3)
As H∪ annihilates all cohomology classes except for H0, these classes are isomorphic to
the corresponding twisted classes. The only classes which are different in the twisted case
are
H0H(P )
∼= 0, H7H(P )
∼= Zj (6.4)
where H = j ∈ H7(P ). Note that if j = 0 then H0H(P ) = H
7
H(P ) = Z.
In the case c2(P ) 6= 0 we will instead compute these cohomology groups using the
Gysin sequence
· · ·
c2∪// Hk(M)
pi∗ // Hk(P )
pi∗ // Hk−3(M)
c2∪ // · · · (6.5)
As the image of c2∪ is trivial at all degrees except for c2∪ : H
0(M) → H4(M), this long
exact sequence yields a short exact sequence for each of k except for 3 and 4.
In particular, for k ≤ 2, Hk−3(M) = 0 and so the Gysin sequence yields
Hk−4(M)
∼=

// Hk(M)
pi∗ // Hk(P )
pi∗ // Hk−3(M)
∼=

0 0
therefore
H1(P ) ∼= H1(M), H2(P ) ∼= H2(M). (6.6)
Similarly, for k ≥ 5, Hk(M) = 0 and so the sequence reduces to
Hk(M)
∼=

pi∗ // Hk(P )
pi∗ // Hk−3(M)
c2∪ // Hk+1(M)
∼=

0 0
and so
H5(P ) ∼= H2(M), H6(P ) ∼= H3(M). (6.7)
Let c2 = i 6= 0 ∈ H
4(M). Then c2∪ : H
0(M)→ H4(M) is injective, at k = 3 one finds
0 // H3(M)
pi∗ // H3(P )
pi∗ // Ker(c2∪)|H0(M) = 0
and so
H3(P ) ∼= H3(M) . (6.8)
Finally, since the image of c2∪ : H
0(M) → H4(M) is iZ ⊂ Z ∼= H4(M), at k = 4 one
obtains
0 // H
4(M)
Im(c2∪)|H0(M)
= Zi
pi∗ // H4(P )
pi∗ // H1(M)
c2∪ // 0 (6.9)
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Since H1(M) is free by the universal coefficient theorem, all finite order elements of H4(P )
must be in Ker(π∗) and so Im(π
∗). Therefore the short exact sequence splits into finite
and infinite order elements mapped by π∗ and π∗ respectively, yielding
H4(P ) = H1(M)⊕ Zi. (6.10)
As in the case i = 0, the twisted and untwisted cohomologies are isomorphic except at
degrees where 0 and 7 where they are given by Eq. (6.4) or in the untwisted case j = 0
are both isomorphic to Z.
The T-duality map (3.23) acts by simply exchanging the integers i and j. In the case
i = j = 0 in which P ∼= M × S3, P̂ = Ŝ3 and H = Ĥ = 0 the total even and odd twisted
cohomologies are
HevenH=0(M × S
3) ∼= Heven
Ĥ=0
(M × Ŝ3) ∼= H1(M)⊕H2(M)⊕H3(M)⊕ Z2 (6.11)
HoddH=0(M × S
3) ∼= Hodd
Ĥ=0
(M × Ŝ3) ∼= H1(M)⊕H2(M)⊕H3(M)⊕ Z2
and so, as expected from Theorem 6.1,
H
even/odd
H (P )
∼= H
odd/even
Ĥ
(P̂ ). (6.12)
If i 6= 0 but j = 0 then P̂ ∼= M × Ŝ3 and H = 0. In this case, assembling the above
results one finds
HevenH=0(P )
∼= Hodd
Ĥ=i
(M × Ŝ3) ∼= H1(M)⊕H2(M)⊕H3(M)⊕ Z⊕ Zi (6.13)
HoddH=0(P )
∼= Heven
Ĥ=i
(M × Ŝ3) ∼= H1(M)⊕H2(M)⊕H3(M)⊕ Z
again satisfying Theorem 6.1. The case i = 0 and j 6= 0 proceeds identically, with even
and odd degrees interchanged.
The last case is i 6= 0 and j 6= 0. Now both P and P̂ are nontrivial bundles and neither
H = j nor Ĥ = i vanishes. In this case, assembling the above results one finds
HevenH=j(P )
∼= Hodd
Ĥ=i
(P̂ ) ∼= H1(M)⊕H2(M)⊕H3(M)⊕ Zi (6.14)
HoddH=j(P )
∼= Heven
Ĥ=i
(P̂ ) ∼= H1(M)⊕H2(M)⊕H3(M)⊕ Zj
completing the proof of Theorem 6.1. 
In fact, Theorem 6.1 is a corollary to the following theorem, which can similarly be
derived from the above formulae for H(P ).
Theorem 6.2. For P → M and P̂ → M principal SU(2) bundles over an oriented
4-manifold related by the map (3.23) and for all integers k,⊕
j
H6j+kH (P )
∼=
⊕
j
H6j+k+3
Ĥ
(P̂ ). (6.15)
To derive Theorem 6.1 from Theorem 6.2 one need only take the direct sum over the
values k = 0, 2 and 4.
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6.1.2. Isomorphism of twisted K-theories. As P is an oriented 7-manifold, this isomor-
phism extends to the corresponding 7-twisted K-theories up to an extension problem
which we will ignore in what follows.
To define K-theory on P , twisted by a closed 7-form H7 representing k times the
generator of H7(P,Z), we first recall from Corollary 4.7 in [40] that the generator of
H7(S7,Z) corresponds to the Dixmier-Douady invariant of an algebra bundle E → S7
with fibre a stabilized infinite Cuntz C∗-algebra O∞⊗K. Now let f : P → S
7 be a degree
k continuous map, then f ∗(E) → P is an algebra bundle with fibre a stabilized infinite
Cuntz C∗-algebra O∞⊗K and Dixmier-Douady invariant equal to k times the generator of
H7(P,Z). Then, by [41], the twisted K-theory is defined as K∗(P,H7) = K∗(C0(P, f
∗(E))),
where C0(P, f
∗(E)) denotes continuous sections of f ∗(E) vanishing at infinity. This shows
that K∗(P,H7) is well defined, although we will not use the explicit construction.
The H-twisted K-theory of an oriented seven manifold P can be computed using a two
step spectral sequence with differentials d3 = Sq
3 and d7 = H∪. The second differential
may be derived from a Mayer-Vietoris argument similar to that presented for the calcu-
lation of K-theory twisted by a 3-cocycle in Ref. [14]. This may be compared with the
one step spectral sequence used above to construct twisted cohomology, which only used
the differential d7.
The operation Sq3 annihilates all cocycles of degree less than 3. Also, as P is of
dimension 7 and Sq3 increases the degree of a cocycle by 3, it annihilates all cocycles of
degree greater than 4. The image of Sq3 is a Z2 torsion element of integral cohomology,
but H7(P ) = Z and so has no Z2 torsion therefore Sq
3 also annihilates H4(P ). Finally,
the operation acts on any element of H3(P ) by squaring it. More precisely, such elements
can be decomposed using the Gysin sequence
0 // H3(M)
pi∗ // H3(P )
pi∗ // H0(M)
c2(P )∪
// (6.16)
Now we will consider two cases. First, if c2(P ) = 0 then the last map is the zero map
and by the Ku¨nneth theorem
H3(P ) ∼= H3(M)⊗ H0(S3)⊕H0(M)⊗H3(S3). (6.17)
The operation Sq3 annihilates both H3(M) and H3(S3) and so in this case it annihilates
H3(P ). Second, if c2(P ) 6= 0 then the last map of (6.16) is an injection and so π∗H
3(P ) = 0
therefore any element a ∈ H3(P ) is the pullback π∗b of an element of b ∈ H3(M). As Sq3
is natural and annihilates H3(M)
Sq3a = Sq3(π∗b) = π∗Sq3b = π∗0 = 0. (6.18)
Therefore Sq3H∗(P ) = 0.
As the kernel of Sq3 is H∗(P ) and the image is trivial, the first step of the spectral
sequence does not affect the cohomology of P . The second step, the cohomology with
respect to d7 = H∪, is identical to the only step in the spectral sequence for the compu-
tation of twisted cohomology. Thus we have proved
Theorem 6.3. For π : P →M a principal SU(2) bundle over an oriented 4-manifold with
second Chern class c2(P ) and H ∈ H
7(P ) such that π∗H = c2(P ), up to an extension
problem there is an isomorphism between the twisted cohomology H
even/odd
H (P ) and the
H-twisted K-theory K
even/odd
H (P ) .
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Combining Theorems 6.1 and 6.3 one obtains
Theorem 6.4. For P → M and P̂ → M principal SU(2) bundles over an oriented 4-
manifold related by the map (3.23), there is an isomorphism between the twisted K-theories
K
even/odd
H (P ) and K
odd/even
Ĥ
(P̂ ).
6.1.3. Example. Consider the 4-dimensional sphere S4 as the projective quaternionic
space HP 1. Define a quaternionic line bundle L over HP 1 as follows. Consider the trivial
rank 2 quaternionic vector bundle H2 × HP 1 → HP 1, and define L as the subbundle
{(x, L) ∈ H2 ×HP 1 : x ∈ L}. It is known that the sphere bundle SU(2)→ S(L)→ HP 1
has second Chern class equal to −1. Therefore the pair (S(L), vol) has spherical T-dual
the pair (S7,−1 · vol) consisting of the Hopf bundle S7 → S4.
6.2. Special Case: P̂ is the trivial bundle. If H = 0 so that c2(P̂ ) = 0 then Ĥ =
π̂∗c2 ∪ a where π̂∗a = 1. Up to an extension problem the Gysin sequence splits to yield
HkH=0(P )
∼= Ker(c2∪)|Hk−3(M) ⊕
Hk(M)
Im(c2∪)
(6.19)
Hk
Ĥ
(M × Ŝ3) ∼= Ker(c2∪)|Hk(M) ⊕
Hk−3(M)
Im(c2∪)
and so the isomorphism (6.15) of Theorem 6.2 extends to manifolds M of arbitrary
dimension in the case H = 0.
When H ∈ H7(P ) is the pullback π∗h of a class h ∈ H7(M) then
c2(P̂ ) = π∗H = π∗π
∗h = 0 (6.20)
where the last equality follows from π∗π
∗ = 0 which is implied by the exactness of the
Gysin sequence. In this case, Ĥ = c2 ∪ a + π̂
∗h and Eq. (6.19) continues to hold, but
using the h-twisted cohomology of M and so Theorems 6.2 and 6.1 extend to this case
as well.
6.3. The Dimension of M is Less than or Equal to 7. In this subsection we will
compute the integral twisted cohomology groups explicitly in the case in which the di-
mension of the base M is less than or equal to 7 and we will see that the even twisted
cohomology of P continues to be isomorphic to the T-dual odd twisted cohomology of P̂ .
Twisted cohomology can be computed from a spectral sequence beginning with ordinary
cohomology whose first differential d1 = H∪ and whose second differential is a dimension
13 secondary operation. As the total spaces of P and P̂ are at most of dimension 10, only
the first differential d1 acts nontrivially and so, up to an extension problem the twisted
cohomology is just the cohomology with respect to d1 = H∪. It is this cohomology with
respect to d1 which we will compute and, since it is anyway only equal to dH cohomology
up to an extension problem, we will assume that all exact sequences split so that we only
compute the d1 cohomology itself up to another extension problem.
Note that twisted cohomology and d1 cohomology are both ill-defined in general as
d1 ∪ d1 = H ∪H only vanishes mod 2 and so the differential is not nilpotent. However,
again since we are only interested in manifolds of dimension less than or equal to 10,
these classes vanish and so integral twisted cohomology is well-defined.
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The Gysin sequence
c2∪→ Hk(M)
pi∗
→ Hk(P )
pi∗→ Hk−3(M)
c2∪→ (6.21)
may be reduced to the short exact sequence
0→
Hk(M)
Im(c2∪)
pi∗
→ Hk(P )
pi∗→ Ker(c2∪)|Hk−3(M)→0. (6.22)
Recall that we are only calculating the twisted cohomology up to an extension problem,
and so we may assume that the sequence splits, yielding a decomposition of Hk(P )
Hk(P ) = π∗
(
Hk(M)
Im(c2∪)
)
⊕ (π∗)
−1
(
Ker(c2∪)|Hk−3(M)
)
. (6.23)
Note that π∗ maps surjectively onto Ker(c2∪) and so its inverse is well defined modulo
an element in the image of π∗.
We will use this decomposition to decompose H as
H = π∗h+ (π∗)
−1ĉ2, h ∈ H
7(M), ĉ2 ∈ H
4(M). (6.24)
More generally we can decompose an arbitrary element A ∈ Hk(P ) as
A = π∗a+ (π∗)
−1a˜, a ∈ Hk(M), a˜ ∈ Hk−3(M). (6.25)
The first term in (6.23) corresponds to h and a while while ĉ2 and a˜ correspond to the
second. Therefore (6.23) implies that
c2 ∪ ĉ2 = c2 ∪ a˜ = 0 (6.26)
while h and a are only defined modulo Im(c2∪).
To calculate the cohomology twisted by H , we must determine the action of H∪ on
H∗(P ). Eq. (6.23) may be used to decompose this product
H ∪ A = π∗b+ (π∗)
−1b˜, b ∈ Hk+7(M), b˜ ∈ Hk+4(M) (6.27)
where c2 ∪ b˜ = 0 and b is only defined modulo Im(c2∪). In particular, c
k is in the kernel
of H∪, and so represents an H-twisted cohomology class, if and only if both b ∈ Im(c2∪)
and b˜ = 0.
Using the properties of the pushforward and pullback maps
f∗f
∗ = 0, f∗(α ∪ f
∗β) = (f∗α) ∪ β (6.28)
we can calculate
b˜ = π∗(H ∪A) = π∗
(
(π∗h+ (π∗)
−1ĉ2) ∪ (π
∗a+ (π∗)
−1a˜)
)
= π∗π
∗(h ∪ a) + h ∪ π∗(π∗)
−1a˜ + π∗(π∗)
−1ĉ2 ∪ a+ π∗
(
(π∗)
−1ĉ2 ∪ (π∗)
−1a˜
)
= h ∪ a˜ + ĉ2 ∪ a. (6.29)
Here we used (π∗)
−1ĉ2 ∪ (π∗)
−1a˜ = 0 which is a result of the fact that the product of
two 7 cocycles would be a 14 cocycle, but the total space P is at most 10-dimensional, it
must vanish.
Although a is only defined modulo Im(c2∪), ĉ2 ∪ c2 = 0 and so ĉ2 ∪ a and therefore b˜
is well-defined.
Similarly, this splitting can be used to compute b by assembling the remaining terms
π∗b = π∗h ∪ π∗a = π∗(h ∪ a). (6.30)
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As the kernel of π∗ is Im(c2∪), this yields
b = h ∪ a (6.31)
where it is understood that b is only defined modulo Im(c2∪).
Now we are ready to write a representative of general H-twisted cocycle in Hk(P ). It
is an element of Ker(H∪), and so an element of Hk(P ) such that b˜ = b = 0
{π∗a + (π∗)
−1a˜|a ∈ Hk(M), a˜ ∈ Hk−3(M), h ∪ a˜+ ĉ2 ∪ a = c2 ∪ a˜ = 0, h ∪ a ∈ Im(c2∪)}.
(6.32)
A twisted cocycle HkH(P ) consists of such elements where one quotients a by Im(c2∪),
as a is only defined up to this equivalence, and also one quotients by Im(H∪) which
decomposes into quotients of the components a and a˜ by the values of π∗b and (π∗)
−1b˜
respectively
HkH(P ) =
{a ∈ Hk(M), a˜ ∈ Hk−3(M)|h ∪ a˜+ ĉ2 ∪ a = c2 ∪ a˜ = 0, h ∪ a ∈ Im(c2∪)}
a ∼ a+ Im(c2∪), a˜ ∼ a˜+ Im(h ∪Ker(c2∪)), (a, a˜) ∼ (a, a˜) + Im(h∪, ĉ2∪)
.
(6.33)
If h = 0 then the twisted cohomology simplifies to
HkH(P ) =
{a ∈ Hk(M), a˜ ∈ Hk−3(M)|ĉ2 ∪ a = c2 ∪ a˜ = 0}
a ∼ a + Im(c2∪), a˜ ∼ a˜+ Im(ĉ2∪)
. (6.34)
Under spherical T-duality, c2 ↔ ĉ2 which leaves the conditions and relations of (6.34)
invariant if a↔ a˜, which shifts the degree of each generator by 3, extending Theorem 6.2
to arbitrary dimensions in the case in which h = 0 ∈ H7(M).
Note that h = 0 automatically if the dimension of M is less than or equal to six.
Furthermore, if M is an orientable 7-manifold and h 6= 0 then h ∪ â + ĉ2 ∪ a = 0 can be
reduced to ĉ2 ∪ a
′ = 0 by shifting a → a′ = a + γ at degree k = 3, where ĉ2 ∪ γ = h.
Note that γ exists because h is proportional to the top form and M is orientable. At
other degrees h ∪ a˜ = 0 for dimensional reasons and so again the condition reduces to
ĉ2 ∪ a = 0.
Now T-duality, exchanging c2 ↔ ĉ2 and a
′ ↔ a˜, again leaves the twisted cohomology
invariant but shifts the degree of each generator by 3, in accordance with Theorem 6.2.
Thus we have extended Theorem 6.2 and so also its corollary Theorem 6.1 to the case in
which the dimension of M is less than or equal to 7.
6.4. Example: Bundles over S4 × S3. We have seen that when the dimension of the
base M is equal to seven, spherical T-duality is complicated by the fact that part of the
twist may arise from the pullback of a 7-class on the base. This 7-class prevents a unique
choice of Ĥ already when M is a 7-manifold and when the dimension is higher than 7
it prevents us from proving that spherical T-duality induces an isomorphism on integral
twisted cohomology, which is well defined when the dimension of P is less than or equal
to 13, corresponding to dim(M) = 10.
In this subsection we will consider the example M = S4 × S3, in which the richness of
the 7-dimensional case can be seen. In fact, at dim(M) = 7, the obstructions described
above only occur when H4(M) contains nontorsion classes, as in this case. Let α and β
be the generators of H4(M) and H3(M) respectively. Define the SU(2) principal bundles
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P and P̂ to be Cartesian products of S3 with the bundles in Subsec. (4.1). In particular
c2(P ) = kα, c2(P̂ ) = jα. (6.35)
Notice that P and P̂ are not the only bundles with their Chern classes, one may also cut
out a 7-ball and reglue it using a transition function representing a nontrivial element of
π6(S
3) = Z12. These other bundles P̂ are therefore also T-dual to (P,H). Such choices
would not change the Gysin sequences and so calculations of cohomology groups below,
but will obstruct the constructions of bundle automorphisms that we will then describe.
The cohomology of P is easily obtained from the Ku¨nneth theorem together with the
cohomology of an SU(2)-bundle over S4
H0(P ) ∼= H3(P ) ∼= H10(P ) ∼= Z, H4(P ) ∼= Zk, H
7(P ) ∼= Z⊕ Zk (6.36)
and similarly for P̂ with j ↔ k. It is the degree 7 cohomology which is relevant for
spherical T-duality, which is described by the Gysin sequence
H3(M)
∼=

∪c2 // H7(M)
∼=

pi∗ // H7(P )
∼=

pi∗ // H4(M)
∼=

∪c2 // H8(M)
∼=

Z
×k
// Z // Z⊕ Zk // Z // 0
(6.37)
As π∗ is surjective it must act as π∗ : (m ∈ Z, n ∈ Zk) 7→ m. Therefore c2(P̂ ) = π∗(H)
is independent of n ∈ Zk. Similarly, c2(P ) = π̂∗(Ĥ) will not determine the Zj torsion
part of Ĥ. However these torsion parts are still restricted by the condition p∗Ĥ =
p̂∗H ∈ H7(P̂M × P ) to which we will now turn. First however we comment that the
bundle automorphisms that we will describe later determine the images of the maps
π∗ : H7(M)→ H7(P ) and π̂∗ : H7(M)→ H7(P̂ ).
The seventh cohomology group of the correspondence space can be found from that in
Subsec. 4.1 together with the Ku¨nneth theorem
H7(P×M P̂ ) ∼= (Z⊕Zgcd(j,k))⊗H
0(S3)⊕Zgcd(j,k)⊗H
3(S3) ∼= Z⊕Zgcd(j,k)⊕Zgcd(j,k). (6.38)
We will need the pullbacks to the correspondence space. First consider p̂∗H . This can
be calculated using the Gysin subsequence
H3(P ) //
∼=

H7(P )
∼=

p̂∗
// H7(P ×M P̂ )
∼=

p̂∗ // H4(P )
∼=

// H8(P )
∼=

Z
(0,×j)
// Z⊕ Zk // Z⊕ Z
2
gcd(j,k)
// Zk
×j
// 0
(6.39)
The maps can be constructed by applying the Ku¨nneth theorem to the corresponding
maps in the case M = S4.
p̂∗ : H7(P ) −→ H7(P ×M P̂ ) : (m,n)→
(
km
gcd(j, k)
, mb, n
)
p∗ : H7(P̂ ) −→ H7(P ×M P̂ ) : (m̂, n̂)→
(
jm̂
gcd(j, k)
, m̂b̂, n̂
)
. (6.40)
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Recalling that the relation c2(P̂ ) = π∗H implies m = j and similarly m̂ = k, these
maps are
p̂∗H = p̂∗(j, n) =
(
kj
gcd(j, k)
, jb, n
)
=
(
kj
gcd(j, k)
, 0, n
)
∈ Z⊕ Z2gcd(j,k)
p∗Ĥ = p̂∗(k, n̂) =
(
jk
gcd(j, k)
, kb, n̂
)
=
(
jk
gcd(j, k)
, 0, n̂
)
∈ Z⊕ Z2gcd(j,k). (6.41)
Note that the first two components of p̂∗H and p∗Ĥ agree and the condition that the
third are equal is equivalent to
n = n̂ ∈ Zgcd(j,k). (6.42)
This condition does not uniquely determine n̂ given n, the ambiguity is an element of
Zj/ gcd(j,k). And so we see that indeed the pair (P,H) does not uniquely determine (P̂ , Ĥ)
as expected when dim(M) ≥ 7.
Also in the case of the topological T-duality for circle bundles, Ĥ is not determined
uniquely from the original pair (P,H). However it is determined up to a bundle au-
tomorphism. In the case at hand Ĥ is also determined up to a bundle automorphism.
Construct a map g : M = S4×S3 → SU(2) by composing any projection M → S3 which
is the identity on the S3 with an identification between S3 and the group manifold SU(2).
The bundle isomorphism is just the fiberwise right multiplication of P̂ by g(m) for each
m ∈M , n̂− n mod gcd(j, k) times.
Does this choice affect the T-duality isomorphism between the integral twisted coho-
mologies? The nonvanishing elements of the integral twisted cohomology groups are
H4H(P )
∼= Zk, H
10
H (P )
∼= Zj , H
7
H(P )
∼=
Z⊕ Zj
(j, n)Z
∼= Z jk
gcd(k,n)
⊕ Zgcd(k,n)
H4
Ĥ
(P̂ ) ∼= Zk, H
10
Ĥ
(P̂ ) ∼= Zj , H
7
Ĥ
(P̂ ) ∼=
Z⊕ Zj
(k, n)Z
∼= Z jk
gcd(j,n)
⊕ Zgcd(j,n).(6.43)
When n = 0 the even and odd twisted cohomology groups are all isomorphic to Zj ⊕ Zk
and so T-duality gives a true isomorphism. However more generally T-duality relates
two distinct extensions of Zj by Zk, and so provides an isomorphism up to an extension
problem. This should be of no surprise both as the demonstration of the isomorphism
the previous subsection was only performed up to an extension problem and also the
identification of the twisted cohomology with the H cohomology via the spectral sequence
only holds up to an extension problem.
7. Applications to supergravity and string theory
7.1. 10-dimensional Supergravity. The data in 10-dimensional supergravity includes
a Lorentzian 10-manifold Y 10 together with several real valued (p + 1)-chains called p-
branes and p-cochains called p-fluxes. The chains and cochains must satisfy certain
consistency conditions called the equations of motion. We will restrict our attention to
the most common case of interest in which there exists a diffeomorphism Y 10 ∼= R×X9
which induces a foliation of Y 10 into copies X9t of X
9 with t ∈ R such that the metric
induced on each X9t is Riemannian. An allowed (p + 1)-chain on Y
10 can be intersected
with X9t to yield a p-chain on X
9
t corresponding to a given p-brane. At the level of
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cohomology the Ku¨nneth theorem allows a decomposition of a p-flux on Y 10 into a p-
class and a (p− 1)-class on X9t .
A charge on X9t is a map g from the p-chains corresponding to allowed p-branes on
X9t to a set S . The charge of the brane is the image of the map applied to the chain
corresponding to that brane. As there are many different choices of maps with many
possible sets as their image, the set of charges is too large to be useful. For example, the
set S may just be the set of chains in X9t . The set of charges is defined to be the image
of g, which is a subset of S. If S is the set of chains and the p-fluxes are equal to zero,
then the set of charges is the set of cycles on X9t .
A more useful notion is that of a conserved charge. This is a charge on X9t which, for
any allowed p-brane, will have an image which is independent of t. The set of conserved
charges is the image of the corresponding map g. The set of cycles does not satisfy
this condition, because if a p-brane whose (p + 1)-cycle on Y 10 restricts to a cycle Zp of
X9t , the equations of motion allow it to restrict to other cycles Z˜
9 of X9
t˜
. However, the
equations of motion demand, if all of the p-fluxes vanish, that Zp and Z˜p are homologous.
Therefore, the homology group Hp(X
9) is a set of conserved charges for p-branes. As X9
is oriented in IIB supergravity, we may use Poincare´ duality to identify these conserved
charges with the cohomology group H9−p(X9).
In this section it will be understood that all cohomology groups are calculated with
real coefficients, as branes and fluxes in supergravity correspond to chains and cochains
with real coefficients. We will comment upon extensions to string theory, where Dirac
quantization implies that the chains and cochains have integral coefficients.
7.2. Type IIB Supergravity with Zero Flux. Each supergravity theory comes with a
set of p-branes and p-fluxes. We will consider Type IIB supergravity. In this theory there
are D1-branes, D3-branes, D5-branes, D7-branes, F1-branes and NS5-branes. Therefore
a configuration will consist of two 1-chains and 5-chains and one 3-chain and 7-chain on
each X9t . The p-fluxes are F1, F3, F5, F7, F9, H3 and H7. Note that, for p ≥ 0, there is
a pairing between p-branes and (p + 2)-fluxes. In string theory this pairing extends to
p = −1. The p-fluxes must satisfy consistency conditions Fp = ∗F10−p and H7 = ∗H3.
Let us begin with the case in which all fluxes vanish. Now, as we wrote in the previous
subsection, H9−p(X9) is an allowed group of conserved charges for p-branes. Therefore the
corresponding conserved charges for D-branes are the even cohomology Heven(X9) while
NS5-brane and F1-brane charges are H4(X9) and H8(X9) respectively. These charges are
summarized in Table 7.1.
What about T-duality? We will first consider ordinary T-duality, in which X9 admits
a free circle action whose space of orbits M8, so that X9 is a circle bundle over M8. The
T-dual of X9 will be X̂9 ∼= M8 × S1. The T-dual H3 vanishes if and only if [1] X
9 is
the trivial circle bundle X9 ∼= M8 × S1, for now we will consider this case. Then by the
Ku¨nneth theorem the even and odd cohomologies of X9 and X̂9 are both isomorphic to
the cohomology of M8 and so isomorphic to each other. The T-duality map induces the
isomorphism between the even (odd) cohomology of X9 and the odd (even) cohomology
of X̂9.
Thus T-duality provides an isomorphism on the D-brane charges. However T-duality
does not provide an isomorphism on the NS brane charges. The T-dual of an NS5-brane
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Brane No flux H3 6= 0 G7 6= 0 H7 6= 0
D1 H8(X9) H8H3(X
9) H8(X9) H8H7(X
9)
D3 H6(X9) H6H3(X
9) H6G7(X
9) H6H7(X
9)
D5 H4(X9) H4H3(X
9) H4G7(X
9) H4(X9)
D7 H2(X9) H2H3(X
9) H2G7(X
9) H2(X9)
F1 H8(X9) H8(X9) H8G7(X
9) H8(X9)
NS5 H4(X9) H4(X9) H4(X9) H4H7(X
9)
NS7 H2H7(X
9)
Table 7.1. Set of conserved charges for various branes in IIB supergravity
with all fluxes equal to zero and with all fluxes equal to zero except for one
with respect to a circle action which leaves the corresponding 5-cycles invariant yields
another NS5-brane but a more general circle action can lead to a T-dual in which the NS5-
brane disappears entirely, being replaced with a degeneration in the dual circle. Therefore
T-duality only induces an isomorphism on the set of D-brane charges Heven(M), not on
the set of all p-brane charges Heven(M)⊕ H4(M)⊕ H8(M).
7.3. Type IIB Supergravity with H3 Flux. Now let the cocycleH3 on Y
10 be nonzero.
The Hodge duality condition H7 = ∗H3 is also nonzero. The conserved charges only
depend on the cohomology classes of the fluxes. Using the Ku¨nneth theorem, we can
decompose Hp(Y 10) ∼= Hp(X9)⊕Hp−1(X9) and so decompose
H3 = H˜3 + H˜2 ∧ e, H7 = H˜7 + H˜6 ∧ e (7.1)
where e generates H1(R). Up to an exact element, the Hodge duality condition then
relates H˜3 to H˜6 and H˜2 to H˜7. However, it turns out that H˜2 and H˜6 do not affect
the set of conserved branes. Therefore only H˜3 and H˜7 will be relevant here. These two
cocycles of X9 are not related by any Hodge duality and so can be chosen independently.
To keep the notation as uncluttered as possible, we will suppress the tildes.
We will begin by considering the case in which H3 is arbitrary but H7 and all other
cocycles vanish. In this case D-branes corresponding to certain cohomology classes are
not allowed by the equations of motion. The allowed cohomology classes are precisely
the kernels of the differential operators in the spectral sequence which determines the
twisted cohomology of X9 with respect to dH = d − H∧, as was shown over the reals
in Ref [27] by adapting the analogous argument over the integers in Ref. [28], where the
spectral sequence yields twisted K-theory [29]. Similarly, a D-brane restricted to X9t and
X9
t˜
can represent two distinct cohomology classes. However these two cohomology classes
are always equal up to an element of the image of these differential operators. Therefore
twisted cohomology HevenH3 (X
9) is a set of conserved charges for D-branes in type IIB
supergravity.
This set of conserved charges is invariant under T-duality: It was shown in Ref. [1] that
the T-duality map induces an isomorphism between the even (odd) twisted cohomology
of X9 and the odd (even) twisted cohomology of its T-dual X̂9. Here X̂9 is a circle
bundle over M8 with Chern class equal to the pushforward of H by the projection map
π : X9 → M8. In type IIB string theory H is an integral 3-cocycle and the corresponding
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conserved charges are given by twisted K-theory, and it was shown that T-duality induces
an isomorphism in this setting as well.
Recall that the conserved charges are a map from the set of p-branes to a set. Twisted
cohomology only classifies D-branes, not NS-branes, and so the kernel of this map includes
all F1 and NS5-branes. As a result this set of conserved charges is not maximal, it only
classifies some of the objects in the theory.
7.4. Type IIB Supergravity with F7 Flux. In the previous subsection we considered
the case in which the cocycle H3 on X
9 is arbitrary while H7 represents 0 ∈ H
7(X9).
What if instead H3 is exact and H7 is arbitrary? Some motivation for the study of this
case has appeared in the work of Sati; relations between the roles played by 3 forms and 7
forms in type II string theory have been discussed in Ref. [30] while [31] used H7 twisted
cohomology to study fields and charges in a simplified version of heterotic string theory.
Type IIB supergravity and string theory admits a Z2 automorphism called S-duality
which exchanges D5 and NS5-branes, D1 and F1-branes and also Fp+2 and Hp+2 fluxes
for p = 1 and 5, while leaving the others invariant. The action of S-duality on the D7-
brane is somewhat more complicated. The arguments above all admit simple actions of
S-duality [32]. What if we use S-duality to change the above question somewhat, to study
configurations in which the only nontrivial cocycle is F7?
Several string theory compactifications of interest are on the total spaces of S3 bundles
and have nontrivial F7 fluxes, such as string theory on AdS
3×T4×S3 and AdS3×K3×S3.
These examples also have nontrivial F3 fluxes. Nonetheless, the spherical T-duals are
easily computed, they are products of AdS3 with nontrivial S3 bundles fibered over T 4 and
K3 respectively. As the base is a 4-manifold, spherical T-duality and the corresponding
isomorphisms on twisted cohomologies are well defined over the integers. If H7 is equal to
k times the top class, then the H7-twisted cohomology of P = M
4 × S3 where M4 = T4
and K3 are
H0H7(T
4 × S3) = 0, H1H7(T
4 × S3) = H6H7(T
4 × S3) = Z4
H2H7(T
4 × S3) = H5H7(T
4 × S3) = Z6
H3H7(T
4 × S3) = H4H7(T
4 × S3) = Z5, H7H7(T
4 × S3) = Zk (7.2)
and
H0H7(K3× S
3) = H1H7(K3× S
3) = H6H7(K3× S
3) = 0
H2H7(K3× S
3) = H5H7(K3× S
3) = Z22
H3H7(K3× S
3) = H4H7(K3× S
3) = Z, H7H7(K3× S
3) = Zk. (7.3)
The spherical T-duals P̂T 4 and P̂K3 have H7 = 0 and so their twisted cohomology is just
their ordinary cohomology, which can be calculated from the Gysin sequence
H0H7(P̂T 4) = Z, H
1
H7
(P̂T 4) = H
6
H7
(P̂T 4) = Z
4
H2H7(P̂T 4) = H
5
H7
(P̂T 4) = Z
6
H3H7(P̂T 4) = Z
4, H4H7(P̂T 4) = Z
4 ⊕ Zk, H
7
H7
(T 4 × S3) = Z (7.4)
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and
H0H7(P̂K3) = Z, H
1
H7(P̂K3) = H
6
H7(P̂K3) = 0
H2H7(P̂K3) = H
5
H7
(P̂K3) = Z
22
H3H7(P̂K3) = 0, H
4
H7
(P̂K3) = Zk, H
7
H7
(P̂K3) = Z. (7.5)
In the case M = T 4 the even and odd conserved charges Z15 and Z15⊕Zk are exchanged
by T-duality as are Z23 and Z23 ⊕ Zk in the case M =K3.
As was described in Ref. [28], there is a simple 1-1 correspondence between differen-
tials in a spectral sequence which computes the a set of conserved charges and baryonic
configurations of the kind introduced in Ref. [33]. In the case of F7 there is only one kind
of baryon, a D7-brane whose cap product with the 7-cocycle F7 is nontrivial and is equal
to the boundary of an F1-brane. This single baryon leads to a single differential d1 = F7
which acts on D7-branes and yields F1-branes. As a result the set of conserved D7-brane
charges is Ker(d1)|H2(X9) while the conserved F1 charges are H
8(X9)/Im(d1). A set of
conserved charges for all other p-branes is just H9−p(X9).
This means that we can assemble the F1, D3, D5 and D7 charges together into F7-
twisted cohomology HevenF7 (X
9) while the D1 and NS5 are classified by ordinary cohomol-
ogy H8(X9) and H4(X9). As H vanishes, the Freed-Witten anomaly in fact implies that,
in the integral lift, when H7 = 0, F1, D3, D5 and D7 charges are classified by untwisted
K-theory. 7-twisted K-theory on a 9-manifold, like X9 is just the d1 cohomology of un-
twisted K-theory and so in fact this subset of branes in type IIB string theory has a set of
conserved charges in one to one correspondence with elements of K0F7(X
9). Unfortunately
there is no candidate for a T-dual theory with a 7-flux twist.
What about the original question, what if only H7 is nontrivial? String theory contains
a function Y 10 → R called the dilaton. If one allows the dilaton to be defined only
locally, then the D7-brane itself has an S-dual, traditionally called the NS7-brane. This
NS7-brane brane appears in some cases of interest [34], indeed in F-theory it can be
obtained from a D7-brane by exchanging the two circles in the torus fibration. Now the
corresponding baryon is an NS7-brane with a nontrivial cap product with H7 equal to
the boundary of a D1-brane. The D1, D3, NS5, NS7 conserved charges are HevenH7 (X
9),
with an integral lift to K0H7(X
9) in string theory, while F1 and D5 branes are classified
by H8(X9) and H4(X9).
Our isomorphism Theorem 5.2 states that spherical T-duality will yield an isomorphism
to HevenH7 (X̂
9). There is no known prescription however for the T-dual of a configuration
with a dilaton which is only locally defined. Thus the construction of either a T-dual or
a spherical T-dual in string theory remains an open problem. Furthermore, the obvious
target of a T-dual, type IIA supergravity or string theory, contains an H7-flux but no
obvious conserved charges classified by H7-twisted cohomology.
As a result, unlike ordinary T-duality, spherical T-duality does not correspond to any
known isomorphism between physical theories. However, two spherical T-duals, using
distinct SU(2) bundle structures, will again yield the same set of conserved charges HevenH7 .
Therefore such a spherical T-duality provide a one to one correspondence between a set
of conserved charges in certain distinct IIB supergravity and string compactifications.
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7.5. Classification of Fluxes and Bianchi Identities. The appearance of 7−twisted
cohomologies classifying conserved charges of p-branes in IIB supergravity can be seen
already from the viewpoint of the Bianchi identities of the fluxes, with no branes at all. In
Ref. [35] the authors noted that there is a 1-1 correspondence between the classifications
of Fp fluxes and D-branes given by Stokes’ theorem, an observation extended to all fluxes
and branes in Ref. [36] and reviewed in [37]. In this subsection we will treat the fluxes
as differential forms. Define the dH3-closed field strength
Gp = Fp +B ∧ Fp−2 , (7.6)
where the exact forms Fp, Fp−2 and B satisfying H3 = dB are defined patchwise on a
good cover. The equations of motion are obtained by setting to zero the variation of the
kinetic term
S ∝
∫
H3 ∧H7 +G3 ∧G7 , (7.7)
with respect to B, where locally H3 = dB, to zero. This yields
0 =
δS
δB
= −dH7 + F1 ∧ F7 . (7.8)
One thus sees that the complex (H7, F1) must be closed under the operation dF7 as
desired. As the other fluxes do not enter in this expression, one in fact finds that the
complex (H7, F5, F3, F1) is dF7 closed. It was shown in Ref. [36] that dF7-exact fluxes
are related by automorphisms generated by certain monodromies and so the quadruplet
(H7, F5, F3, F1) is classified by H
odd
F7
(X9).
Recall from Eq. (7.1) that each p-form on Y 10 can be decomposed into a p-form on
X9 and a (p − 1)-form on X9 with one leg along the time direction. These are called
magnetic and electric fluxes respectively. The above argument was given for the magnetic
quadruplet (H7, F5, F3, F1), but in fact, as we are using a magnetic F7, it applies identi-
cally to the corresponding electric quadruplet which, being one degree lower, will then be
classified by HevenF7 (X
9). We therefore learn that spherical T-duality provides a one to one
correspondence between the allowed electric and magnetic fluxes which is inequivalent to
the familiar electromagnetic duality given by Hodge duality.
Now dH7 is Poincare´ dual to an F1-brane and dF1 to a D7-brane and dF7 to a D1-brane.
An application of d yields
ddH7 = dF1 ∧ F7 + F1 ∧ dF7. (7.9)
The last term vanishes if we consider a configuration with no D1-branes. Note that
ddH7 is nontrivial if there are F1-branes with boundaries, in which case it is Poincare´
dual to the boundary. Taking the cap product of this expression with the top class one
finds that the boundary of the F1-branes is equal to integral of F7 over the D7-branes,
thus demonstrating the existence of the baryon configuration invoked in the previous
subsection.
8. Towards Geometry
Thus far we have mainly considered spherical T-duality from a topological perspective.
However, to determine whether this duality is actually a symmetry of some physical
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theory, we need to introduce some geometry and determine a set of transformation rules
analogous to the Buscher rules for ordinary T-duality [38, 39].
In order to get some insight into how spherical T-duality acts on concrete geometries,
we discuss some explicit examples of metrics, connections and 7-forms on certain principal
SU(2)-bundles. Concretely, we aim to construct a canonical metric on a principal SU(2)-
bundle π : P → M with 2nd Chern number c2(P ) of the form
ds2P = ds
2
M + A⊙ A , (8.1)
where A is a principal connection on P , such that
c2(P ) =
1
8π2
∫
M
Tr(FA ∧ FA) . (8.2)
We will use a construction for base manifolds of the type S1 × M which involves a
particular interpretation of the Chern-Simons form (see [11]).
To this end, let π : P → M be a principal SU(2)-bundle, and let A(t) be a path of
principal connections on P in Ω1(P, g) such that A(t) = A0, A(1) = A1, then we have
1
8π2
∫
[0,1]×M
Tr(FA(t) ∧ FA(t)) =
∫
[0,1]×M
dCS(A(t)) = cs(A1)− cs(A0) ,
where we have defined
cs(A) =
∫
M
CS(A) =
1
8π2
∫
M
Tr(A ∧ F −
1
3
A ∧ A ∧ A) .
In particular, if we take g : M → G, A0 = A, A1 =
gA, then∫
[0,1]×M
Tr(FA(t) ∧ FA(t)) = cs(
gA)− cs(A) = deg g .
Now, if we glue the endpoints of [0, 1] by the gauge transformation g, we obtain a G-
bundle P˜ over S1×M with c2(P˜ ) = deg g. It thus remains to provide an explicit formula
for g : M → G, then we can construct a principal connection A on P˜ , and the canonical
metric
ds2
P˜
= ds2S1 + ds
2
M + A⊙A (8.3)
on the G-bundle P˜ over S1 ×M .
Now take G = SU(2), andM = S3. Coordinates on the S3 base, and S3-fiber, are given
in terms of unit quaternions p and q, respectively. The (left-invariant) Maurer-Cartan
forms are given by p¯dp and q¯dq, and a metric for the trivial SU(2)-bundle over S3 is given
by
ds2S3×S3 = |p¯dp|
2 + |q¯dq|2 , (8.4)
which is of the form (8.1) with trivial principal connection A = q¯dq. A map g : S3 →
SU(2) of degree k is given in terms of quaternions by p 7→ pk, and acts on the SU(2)-fiber
as q → pkq, so we have a principal connection on the SU(2)-bundle P over S1 × S3 with
c2(P ) = k by
A = (1− t)q¯dq + t(pkq)d(pkq) = q¯dq + tq¯(p¯kdpk)q ≡ q¯ (d+ A˜) q .
[Note that p¯kdpk 6= k p¯dp as p and dp do not commute.]
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So, for k = 1 we have A˜ = tp¯dp, and
F˜ = dt ∧ p¯dp+ (t2 − t)p¯dp ∧ p¯dp
Thus
F˜ ∧ F˜ = 2t(t− 1)dt ∧ (p¯dp)3 ,
and
c2(P ) =
1
8π2
∫
S1×S3
Tr(F˜ ∧ F˜ ) = −3 cs(p¯dp)
∫ 1
0
dt 2t(t− 1) = 1 ,
where we have used the normalization
cs(p¯dp) = −
1
24π2
∫
S3
Tr(p¯dp)3 = 1 .
Now, take k = 2. Then by the same arguments as before, we have
c2(P ) = cs(p¯
2dp2) = 2 ,
where the result follows from our abstract arguments above. On the other hand
p¯2dp2 = p¯dp+ p¯(p¯dp)p .
We have
cs(p¯2dp2) = cs(p¯dp+ p¯(p¯dp)p) = −
1
24π2
∫
S3
Tr(p¯dp+ p¯(p¯dp)p)3 .
Since
−
1
24π2
∫
S3
Tr(p¯dp)3 = −
1
24π2
∫
S3
Tr(p¯(p¯dp)p)3 = 1 ,
it follows that∫
S3
Tr((p¯dp) ∧ (p¯dp) ∧ p¯(p¯dp)p) =
∫
S3
Tr((p¯dp) ∧ p¯(p¯dp)p ∧ p¯(p¯dp)p) = 0 .
Similarly, for higher k,
cs(p¯kdpk) = cs(p¯dp+ p¯(p¯dp)p+ . . .+ p¯k−1(p¯dp)pk−1) ,
and since
−
1
24π2
∫
S3
Tr(p¯dp)3 = . . . = −
1
24π2
∫
S3
Tr(p¯k−1(p¯dp)pk−1)3 = 1 ,
it follows that all the mixed terms vanish.
To summarize, we have constructed an explicit metric and connection on the SU(2)-
bundle π : P → S1 × S3 of 2nd Chern number c2(P ) = k ∈ H
4(S1 × S3,Z) ∼= Z given
by
ds2P = dt
2 + |p¯dp|2 + |q¯dq + tq¯(p¯kdpk)q|2 ,
A = q¯dq + tq¯(p¯kdpk)q . (8.5)
Now consider SU(2)-bundles P over S4. They are again completely classified by their
2nd Chern class c2 ∈ H
4(S4;Z) ∼= Z. The construction above does not quite work for S4,
but we can view the base S4 as a smashed product S1 ∧ S3, and guess the metric and
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connection on P . Fortunately, we have an explicit description for c2 = 1 where P = S
7.
We view S7 ⊂ H2, and choose coordinates (resembling the Euler angles for S3)
q1 = cos θ q ,
q2 = sin θ p q .
where q, p are unit quaternions, i.e. can be identified with points in S3, and 0 ≤ θ ≤ pi
2
.
Now, a short computation gives
ds2S7 = |dq1|
2 + |dq2|
2 = dθ2 +
1
4
sin2 2θ |p¯dp|2 + |q¯dq + sin2 θ q¯(p¯dp)q|2 = ds2S4 + A⊙ A ,
where
A = q dq + q¯(sin2 θ p¯dp)q = q¯(d+ A˜)q ,
which is similar to our result for S1 × S3 with t replaced by sin2 θ. Similarly we have
F˜ = sin 2θdθ ∧ (p¯dp)−
1
4
sin2 2θ(p¯dp) ∧ (p¯dp) ,
and
F˜ ∧ F˜ = −
1
2
sin3 2θ dt ∧ (p¯dp)3 .
Hence
c2(S
7) =
1
8π2
∫
S4
Tr(F˜ ∧ F˜ ) = 3 cs(p¯dp)
∫ pi/2
0
dθ
1
2
sin3 2θ = 1 ,
where we have used
∫ pi/2
0
dθ sin3 2θ = 2
3
. A natural guess for the metric on the principal
SU(2) bundle P over S4 with c2(P ) = k is thus given by
ds2P = ds
2
S4 + A⊙ A
with
A = q dq + q¯ (sin2 θ p¯kdpk) q ,
and an explicit calculation, using the results above, indeed shows that c2(P ) = k.
Now we consider an explicit representative of a class in H7(P,Z) for the principal
SU(2)-bundles we have just constructed. Consider M = S1 × S3, and let H ∈ Ω7cl(P ) be
given by
H = dt ∧ CS(p¯dp) ∧ CS(A) = dt ∧ CS(p¯dp) ∧ CS(q¯dq) .
We see that this is a globally defined form on the SU(2)-bundle P over S1 × S3 with
c2(P ) = k. Since∫
P
dt ∧ CS(p¯dp) ∧ CS(A) =
∫ 1
0
dt × cs(p¯dp)× cs(q¯dq) = 1
it represents the generator of H7(P,Z) ∼= Z. Now, locally, H = dB, with
B = t CS(p¯dp) ∧ CS(A) ,
and
π∗B = t CS(p¯dp) .
So at the level of forms, spherical T-duality is the statement that
A˜ = t(p¯kdpk)
˜̂
A = t(p¯k
′
dpk
′
) ,
B = k′ t CS(p¯dp) ∧ CS(A) B̂ = k t CS(p¯dp) ∧ CS(Â) ,
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which can be given the interpretation of the exchange of winding number k with the
an ‘S3-momentum’ measured by the legs of B in the direction of the S3-fiber, i.e. by
k′ CS(q¯dq). Similar formulas hold for S4 with t’s replaced by appropriate functions of θ.
Such an identification could be expected if, for example, spherical T-duality were a
symmetry of the spectra of a theory of spherical 3-branes that can wrap S3 cycles in
some spacetime X , i.e. by replacing closed strings, described by Maps(S1, X), by spherical
3-branes (or ‘closed quaternionic strings’) described by Maps(S3, X) = Maps(S(H), X).
9. Open questions and speculations
In this Section we briefly list some open questions, speculations and directions for
future research:
(1) (H a cocycle) In the case of T-duality of U(1)-bundles, given the cohomology class
represented byH one could not uniquely determine that of Ĥ , but one could deter-
mine it up to a bundle automorphism. In the present case, again the cohomology
class of H does not determine that of Ĥ and there is a gerbe automorphism which
relates the choices of Ĥ, but sometimes that gerbe automorphism does not lift to
a bundle automorphism and so there really are inequivalent choices of Hˆ. How-
ever it appears that if a specific cocycle H is chosen and if one demands that
p̂∗H = p∗Ĥ as a cocycle, then Ĥ will be completely determined as a cocycle and
so also as a cohomology class. Thus in this context there is no ambiguity in the
determination of Ĥ . Similarly, if H is a gerbe with connection, as it is in string
theory, and if one demands that the pullbacks of H and Ĥ to the correspondence
space agree as gerbes with connection, then Ĥ appears to be determined as a
1-gerbe with connection. This comment applies both to spherical T-duality and
to ordinary T-duality, and so will be treated separately elsewhere.
(2) (Missing spherical T-duals via noncommutative geometry?) When dim(M) > 4,
then given a pair (P,H) over M consisting of a principal SU(2)-bundle P → M
together with a class H ∈ H7(P,Z), it does not in general have a spherical T-dual
in the sense of the paper. The question is, what can be said about these missing
spherical T-duals? For instance, is it possible that (P,H) has a noncommutative
spherical T-dual?
A naive approach to this question is to use the generalized Dixmier-Douady
theory in [40], where it is shown that there is a an algebra bundle O → P over
P with fiber the stabilized Cuntz algebra O∞ ⊗ K, where K is the algebra of
compact operators, and with (generalized) Dixmier-Douady class DD(O) = H .
Suppose that the SU(2)-action on P lifts to an SU(2)-action on the algebra of
sections vanishing at infinity, C0(P,O), and consider the crossed product algebra,
C0(P,O)⋊SU(2). This could potentially be the missing spherical T-dual of (P,H)
as it has a coaction of SU(2) such that (C0(P,O)⋊ SU(2)) ⋊ SU(2) ∼= C0(P,O),
by non-abelian Takai duality [42]. There are a couple of problems. The first is
the lifting of the SU(2)-action. It is likely that it lifts, as a similar problem for
3-cocycles was always shown to be true in [43]. The second is a serious problem
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and shows why this naive approach is doomed, namely the putative spherical T-
dual C0(P,O)⋊ SU(2) is not K-theory equivalent to C0(P,O) even with a degree
shift.
(3) (The higher rank case?) By the higher rank case we mean the following. Con-
sider pairs (P,H) over M consisting of a principal SU(2)r-bundles P with flux
H ∈ H7(P,Z). Alternatively, we might think of the associated bundles P×(S3)rH
r
as quaternionic vector bundles. When r ≥ 1 a generic flux H ∈ H7(P,Z), under
dimensional reduction, will have a component in H1(M). This will be an obstruc-
tion to the existence of a ‘classical spherical T-dual’. One may speculate that this
H1(M) will play a role as a noncommutativity parameter in some noncommuta-
tive spherical T-dual, in the same way as for T-duals of higher rank torus bundles
with nonclassical H-fluxes.
(4) (Higher twisted algebroids?) Generalized geometry provides a natural framework
in which to discuss T-duality for principal S1-bundles P → M (see, e.g., [6]).
Specifically, T-duality provides an isomorphism of Courant brackets as well as
many other structures, between the S1-invariant parts of the (H3-twisted) gen-
eralized tangent spaces E = (TP ⊕ T ∗P )inv and its T-dual Ê = (T P̂ ⊕ T ∗P̂ )inv.
It is a natural question to ask whether there exist algebroids over a manifold P
that can twisted by H ∈ Ω7cl(P,R), i.e. closed 7-forms, and exhibit spherical T-
duality in the case P is a principal SU(2)-bundle over some base M . A minimal
candidate might be the Leibniz algebroid E = TP ⊕ ∧5T ∗P , but we have been
unable to find a spherical T-dual in this case. An alternative, suggested by many
of the constructions in this paper, might be some kind of quaternionization of the
standard Courant algebroid, e.g. (TP ⊕ T ∗P ) ⊗R H. We leave this for further
investigation.
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